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Improved gauge action  

where W k,l
µ,ν denotes a symmetrized combination of k × l Wilson loops in the (µ, ν)-

plane of the lattice,

W k,l
µ,ν(x) = 1 −

1

2N

(

Re TrL(k)
x,µL

(l)
x+kµ̂,νL

(k)+
x+lν̂,µL

(l)+
x,ν + (k ↔ l)

)

. (2.2)

Here we have introduced the short hand notation for long links, L(k)
x,µ =

∏k−1
j=0 Ux+jµ̂,µ

and x = (n1, n2, n3, n4) denotes the sites on an asymmetric lattice of size N3
σ × Nτ .

With a suitable choice of the coefficients ak,l it can be achieved that the gener-
alized Wilson actions reproduce the continuum Euclidean Yang-Mills Lagrangian,
L = −1

2Fµ,νFµ,ν , up to some order O(a2n) [1]. The standard one-plaquette Wilson ac-
tion, S(1,1), with a1,1 = 1 and ak,l = 0 for all (k, l) ≠ (1, 1) receives O(a2) corrections
in the naive continuum limit. Expanding the link variables, Ux,µ = exp(igaAµ(x)),
in powers of a one finds

S(1,1)
µ,ν (x) = 1 −

1

N
Re TrUx,µUx+µ̂,νU

+
x+ν̂,µU

+
x,ν

= −
1

2N
g2a4

(

Fµ,νFµ,ν +
1

12
a2Fµ,ν(∂

2
µ + ∂2

ν)Fµ,ν

+O(a4)
)

. (2.3)

By adding an additional Wilson loop to the action one can achieve that corrections
start only at O(a4). In particular we will consider here actions obtained by adding
a planar 6-link and 8-link loop, respectively. The non-vanishing coefficients in these
cases are,

I ≡ (1, 2) : a1,1 =
5

3
, a1,2 = −

1

6

I ≡ (2, 2) : a1,1 =
4

3
, a2,2 = −

1

48
(2.4)

The action S(1,2) is a specific choice of the 6-link improved actions originally proposed
by Symanzik [1]. The action S(2,2) has recently also been discussed in the context
of NRQCD calculations [15, 16]. Its generalization to larger quadratic loops gives a
straightforward procedure to eliminate also higher order cut-off effects. Already in
O(a4) there exist two independent operators of dimension eight, which contribute
to the finite cut-off effects. In general, one thus needs three independent loops of
length six and eight in order to eliminate all cut-off effects proportional to a2 and
a4, respectively. In an action constructed only from quadratic loops the different
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can be eliminated by adding
larger loops

Luescher and Weisz, 
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Improved staggered fermion actions 
Standard staggered action has discretization errors ~ a2

Eliminate those using higher order difference scheme

The different staggered which flavors sit in different corners of the Brillouin zone
Are completely equivalent in the free theory => flavor symmetry
Not the case in the interacting theory:
exchange with gluons with momenta ~ π/a can change the quark flavor (taste) as
it brings it to another corner of the Brillouin zone

with

sF (p) =
∑

µ

h2
µ(p) + m2 .

A.2 Tree level coefficients for improved rotational symme-

try

An expansion of the free inverse fermion propagator up to order p4 yields

D(0)(p) =
∑

µ

hµ(p)hµ(p) =
∑

µ

Ap2
µA

⎛

⎝A + 2B1p
2
µ + 2B2

∑

ν ̸=µ

p2
ν

⎞

⎠+ O(p6) ,

with coefficients

A = 2c(0)
1,0 + 12c(0)

1,2 + 6c(0)
3,0 ,

B1 = −
1

3
c(0)
1,0 − 2c(0)

1,2 − 9c(0)
3,0 ,

B2 = −8c(0)
1,2 .

Obviously the condition B1 = B2 has to be satisfied to achieve rotational symmetry
up to order p4, which leads to the constraint

c(0)
1,0 + 27 c(0)

3,0 + 6 c(0)
1,2 = 24 c(0)

1,2 .

The expansion shows that setting c(0)
1,2 ≡ 0, i.e. the Naik-action, leads to vanishing

O(p4) coefficients B1 = B2 ≡ 0, which corresponds even to an O(a2) improvement.

A.3 Improved rotational symmetry at O(g2)

The explicite expressions for the O(g2) contributions to the fermion propagator are:

D(0)
µ (p) = −hµ(p) ,

D(2)
µ (p) = −

N2
c − 1

2Nc

h(2)
µ (p) ,

Σµ(p) = Kµ(p) + Lµ(p) ,
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momentum space we find then

S(0)
F = i

∫

p
ψ̄(p)

{

∑

µ

γµhµ(p) + m

}

ψ(p) ,

S̃(0)
F = i

N2
c − 1

2Nc

∫

p
ψ̄(p)

∑

µ

γµh
(2)
µ (p) ψ(p) ,

S(1)
F = i

∫

p

∫

k
ψ̄(p)

∑

µ

γµŜ
(1)
µ (p, k) ψ(p − k) ,

S(2)
F = −

i

2

∫

p

∫

k1

∫

k2

ψ̄(p)
∑

µ

γµŜ
(2)
µ (p, k1, k2) ψ(p − k1 − k2) ,

where

Ŝ(1)
µ (p, k) =

∑

ρ

Kµ;ρ(p, k) Aρ(k) ,

Ŝ(2)
µ (p, k1, k2) =

∑

ρ,σ

Lµ;ρ,σ(p, k1, k2) Aρ(k1)Aσ(k2) .

Here we use the following definitions also referred to in appendices A.2 - A.4:

hµ(p) = 2 sµ(p)
[

c(0)
1,0 + 2 c(0)

1,2

∑

ν ̸=µ

cν(2p)
]

+ 2 c(0)
3,0sµ(3p) , (A.2)

h(2)
µ (p) = 2 sµ(p)

[

c(2)
1,0 + 2 c(2)

1,2

∑

ν ̸=µ

cν(2p)
]

+ 2 c(2)
3,0sµ(3p) ,

Kµ;ρ(p, k) = c(0)
1,0 Afat

µ;ρ(ω; p, k) + c(0)
3,0 A(3,0)

µ;ρ (p, k) + c(0)
1,2 A(1,2)

µ;ρ (p, k) ,

Lµ;ρ,σ(p, k1, k2) = c(0)
1,0 Bfat

µ;ρ,σ(ω; p, k1, k2) + c(0)
3,0 B(3,0)

µ;ρ,σ(p, k1, k2) + c(0)
1,2 B(1,2)

µ;ρ,σ(p, k1, k2) ,

where

Afat
µ;ρ(ω; p, k) = 2 cµ(p − k/2)

·
[

δµ,ρ −
4ω

1 + 6ω

(

δµ,ρ

∑

ν ̸=µ

s2
ν(k/2) − (1 − δµ,ρ) sµ(k/2)sρ(k/2)

)]

,

Bfat
µ;ρ,σ(ω; p, k1, k2) = 2 sµ(p − k1/2 − k2/2)

·
[

δµ,ρδµ,σ −
4ω

1 + 6ω

(

δµ,ρδµ,σ

∑

ν ̸=µ

s2
ν(k1/2 + k2/2)

+2 (1 − δµ,ρ) δρ,σ sµ(k1/2)sµ(k2/2)cρ(k1/2 + k2/2)

−δµ,ρ (1 − δµ,σ) {sµ(k2/2) − icµ(k2/2)} sσ(k1 + k2/2)

−δµ,σ (1 − δµ,ρ) {sµ(k1/2) + icµ(k1/2)} sσ(k2 + k1/2)

)]

,
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2.1 Improvement of rotational symmetry at tree level
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Figure 1: Dispersion relation E = E(p⃗) with p⃗ = (p, 0, 0) for the standard staggered
fermion action (blue), the Naik-action (green) and the p4-action (red) compared to
the continuum dispersion relation E = p. Solid and dashed lines denote real and
complex poles of the propagator respectively.

The inverse free fermion propagator of the action 2.1 in momentum space takes
the form

∆(0)
F

−1
(p) =

−i
∑

µ γµhµ(p) + m
∑

ρ h2
ρ(p) + m2

=
−i
∑

µ γµhµ(p) + m

D(0)(p) + m2
, (2.6)

where the functions hµ(p) are given in appendix A.1 (Eq. A.2).
In order to obtain a rotational invariant free propagator we should achieve that
D(0)(p) =

∑

µ hµ(p)hµ(p) is a function of p2 only. For the standard one-link prop-
agator of the staggered fermion action this requirement for a rotational invariant
propagator is violated at O(p4). Expanding D(0)(p), i.e. the trigonometric functions
appearing in hµ(p) (see appendix A.1), in orders of p a further constraint to the co-

efficients c(0)
i,j can be determined such that the free propagator is rotational invariant

up to order p4, for details see appendix A.1. The constraint is

c(0)
1,0 + 27 c(0)

3,0 + 6 c(0)
1,2 = 24 c(0)

1,2 . (2.7)

Two simple choices which eliminate the bended or straight three link terms in 2.1,

5

Free quark propagator:

A Appendix

We give here explicit expressions as well as some technical details of the perturbative
calculations. It is organized as follows: In part A.1 we define the fundamental terms
and functions we refer to in the following parts. Part A.2 and part A.3 contain some
details of the determination of the tree-level and 1-loop coefficients respectively.
In part A.4 we give the explicit results of the 1-loop calculation of the fermionic
contribution to the free energy density.

A.1 General 1-loop results and definitions

For the trigonometric functions we use the short hand notation:

sµ(p) ≡ sin(pµ) ,

cµ(p) ≡ cos(pµ) .

The inverse gluon propagator of the 1×2 action was calculated in [2]. For the
standard plaquette action as for the 1×2 action the propagator can be written as

∆Gµ,ν(k) = DGµ(k)δµ,ν − EGµ,ν(k) + ξ gµ(k)gν(k) ,

DGµ(k) = 4 a1,1

∑

ν

s2
ν(k/2) − 16 a1,2

∑

ν

s2
ν(k/2)

(

2 − s2
ν(k/2) − s2

µ(k/2)
)

,

EGµ,ν(k) = 4 a1,1 sµ(k/2)sν(k/2)

−16 a1,2 sµ(k/2)sν(k/2)
(

2 − s2
ν(k/2) − s2

µ(k/2)
)

,

with a1,1 ≡ 1, a1,2 ≡ 0 for the standard Wilson one-plaquette action and a1,1 ≡ 5/3,
a1,2 ≡ −1/12 for the 1×2 action. In both cases we choose the gauge fixing term
gµ(k) = 2sµ(k/2) and Feynman gauge ξ = 1.

The basis of our 1-loop calculations is an expansion of the fermion action in
powers of the bare coupling g:

SF = S(0)
F + gS(1)

F + g2S(2)
F + g2S̃(0)

F + O(g3) . (A.1)

To achieve that, we expand the exponential representation of the link variables

Uµ(x) = exp(igaAµ(x)), with the gauge fields Aµ ≡ ∑N2
c −1

b=1 Ab
µλ

b and normalization
2Tr λaλb = δab for the group generators λa. The lattice spacing is set to a = 1. In
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with

sF (p) =
∑

µ

h2
µ(p) + m2 .

A.2 Tree level coefficients for improved rotational symme-

try

An expansion of the free inverse fermion propagator up to order p4 yields

D(0)(p) =
∑

µ

hµ(p)hµ(p) =
∑

µ

Ap2
µA

⎛

⎝A + 2B1p
2
µ + 2B2

∑

ν ̸=µ

p2
ν

⎞

⎠+ O(p6) ,

with coefficients

A = 2c(0)
1,0 + 12c(0)

1,2 + 6c(0)
3,0 ,

B1 = −
1

3
c(0)
1,0 − 2c(0)

1,2 − 9c(0)
3,0 ,

B2 = −8c(0)
1,2 .

Obviously the condition B1 = B2 has to be satisfied to achieve rotational symmetry
up to order p4, which leads to the constraint

c(0)
1,0 + 27 c(0)

3,0 + 6 c(0)
1,2 = 24 c(0)

1,2 .

The expansion shows that setting c(0)
1,2 ≡ 0, i.e. the Naik-action, leads to vanishing

O(p4) coefficients B1 = B2 ≡ 0, which corresponds even to an O(a2) improvement.

A.3 Improved rotational symmetry at O(g2)

The explicite expressions for the O(g2) contributions to the fermion propagator are:

D(0)
µ (p) = −hµ(p) ,

D(2)
µ (p) = −

N2
c − 1

2Nc

h(2)
µ (p) ,

Σµ(p) = Kµ(p) + Lµ(p) ,
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with
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µ(p) + m2 .
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with
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no taste breaking at 

Projection to U(3) => HISQ action 

Naik action: 

p4 action: 

Taste symmetry improvement:

C1.0 + C3,0

=Fat (smeared) link: 

U fat
µ (x) =

1

1 + 6ω

{

Uµ(x) + ω
∑

ν ̸=µ

[

Uν(x)Uµ(x + ν̂)U †
ν(x + µ̂)

+U †
ν(x − ν̂)Uµ(x − ν̂)Uν(x + µ̂ − ν̂)

]

}

.

The fat-link improved one-link term, the linear 3-link term and the angular 3-link
term appear with coefficients whose dependence on the gauge coupling we have
parameterized as follows a

ci,j = c(0)
i,j + g2 N2

c − 1

2Nc

c(2)
i,j .

Together with the fat-link-weight ω there is thus a total number of 7 parameters in
the action. In order to reproduce the correct naive continuum limit the coefficients
have to satisfy two constraints

c(0)
1,0 + 3 c(0)

3,0 + 6 c(0)
1,2 = 1/2 , (2.3)

c(2)
1,0 + 3 c(2)

3,0 + 6 c(2)
1,2 = 0 . (2.4)

Our aim is to fix these coefficients such that the rotational symmetry of the fermion
propagator is improved up to one loop order.
In a first step we consider the free fermion propagator. Here we derive further con-
straints for the tree level coefficients c(0)

i,j . In particular we will consider the two
cases where only one or the other of the three link terms contributes. Then the
constraints fix the tree level coefficients to certain values.
In the second step we calculate the self energy contributions to the fermion propaga-
tor. Here the one-loop coefficients c(2)

i,j come into play and can be tuned to improve
also the rotational symmetry in one-loop order.
As gluon part of the action we choose the tree level improved 1×2-action:

SG =
2Nc

g2

[

∑

x,ν>µ

5

3

(

1 −
1

N
Re Tr

µν
(x)
)

+
1

6

⎛

⎝1 −
1

2N
Re Tr

⎛

⎝

µν
(x) +

µν

(x)

⎞

⎠

⎞

⎠

]

. (2.5)

We note that also here the tree-level coefficients 5/3 and 1/6 could be further im-
proved at O(g2). These corrections, however, are higher order corrections for the
analysis of the fermion contributions to thermodynamic observables which we will
present in the following.

aNote that the Nc dependence of the 1-loop coefficients has been factored out here explicitely.
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2.1 Improvement of rotational symmetry at tree level
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Figure 1: Dispersion relation E = E(p⃗) with p⃗ = (p, 0, 0) for the standard staggered
fermion action (blue), the Naik-action (green) and the p4-action (red) compared to
the continuum dispersion relation E = p. Solid and dashed lines denote real and
complex poles of the propagator respectively.

The inverse free fermion propagator of the action 2.1 in momentum space takes
the form

∆(0)
F

−1
(p) =

−i
∑

µ γµhµ(p) + m
∑

ρ h2
ρ(p) + m2

=
−i
∑

µ γµhµ(p) + m

D(0)(p) + m2
, (2.6)

where the functions hµ(p) are given in appendix A.1 (Eq. A.2).
In order to obtain a rotational invariant free propagator we should achieve that
D(0)(p) =

∑

µ hµ(p)hµ(p) is a function of p2 only. For the standard one-link prop-
agator of the staggered fermion action this requirement for a rotational invariant
propagator is violated at O(p4). Expanding D(0)(p), i.e. the trigonometric functions
appearing in hµ(p) (see appendix A.1), in orders of p a further constraint to the co-

efficients c(0)
i,j can be determined such that the free propagator is rotational invariant

up to order p4, for details see appendix A.1. The constraint is

c(0)
1,0 + 27 c(0)

3,0 + 6 c(0)
1,2 = 24 c(0)

1,2 . (2.7)

Two simple choices which eliminate the bended or straight three link terms in 2.1,
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Rotational symmetry at order p4 :

Normalization:
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Figure 2: Dispersion relation E = E(p⃗) with p⃗ = (p/
√

2, p/
√

2, 0) for the standard
staggered fermion action (green), the Naik-action (blue) and the p4-action (red)
compared to the continuum dispersion relation E = p. Solid and dashed lines
denote real and complex poles of the propagator respectively.

respectively, are to set either c(0)
1,2 ≡ 0 which yields the familiar Naik-action

c(0)
1,0 =

9

16
, c(0)

3,0 = −
1

48
, (2.8)

or to set c(0)
3,0 ≡ 0 which leads to

c(0)
1,0 =

3

8
, c(0)

1,2 =
1

48
, (2.9)

which we will call the p4-action.
Since for the Naik-action the O(p4) terms are completely eliminated one gets even
an O(a2) improvement, which seems quite accidental in this approach.

A first impression of how the improvement works is obtained by inspecting the
dispersion relation E = E(px, py, pz) resulting from the poles of the free propagator

for massless fermions ∆(0)
F

−1
, which are solutions of D(0)(iE, p⃗) = 0. Figures 1 and

2 show the dispersion relations for on-axis momenta p⃗ = (p, 0, 0) and momenta
on the planar diagonal p⃗ = (p/

√
2, p/

√
2, 0) respectively for the standard fermion

action, the Naik-action and the p4-action in comparison to the continuum relation
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staggered fermion action (green), the Naik-action (blue) and the p4-action (red)
compared to the continuum dispersion relation E = p. Solid and dashed lines
denote real and complex poles of the propagator respectively.

respectively, are to set either c(0)
1,2 ≡ 0 which yields the familiar Naik-action

c(0)
1,0 =

9

16
, c(0)

3,0 = −
1

48
, (2.8)

or to set c(0)
3,0 ≡ 0 which leads to

c(0)
1,0 =

3

8
, c(0)

1,2 =
1

48
, (2.9)

which we will call the p4-action.
Since for the Naik-action the O(p4) terms are completely eliminated one gets even
an O(a2) improvement, which seems quite accidental in this approach.

A first impression of how the improvement works is obtained by inspecting the
dispersion relation E = E(px, py, pz) resulting from the poles of the free propagator

for massless fermions ∆(0)
F

−1
, which are solutions of D(0)(iE, p⃗) = 0. Figures 1 and

2 show the dispersion relations for on-axis momenta p⃗ = (p, 0, 0) and momenta
on the planar diagonal p⃗ = (p/

√
2, p/

√
2, 0) respectively for the standard fermion

action, the Naik-action and the p4-action in comparison to the continuum relation

6

B1 = B2

Orginos et al, PRD60 (1999) 054503 



Why improved actions ?
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Pressure of the ideal gluon gas Pressure of the ideal quark gas

T = 1/(N⌧a)
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Mass splitting of pseudo-scalar mesons 

Only one out of 16 PS mesons has zero mass in the chiral limit, the quadratic mass
splitting is the measure of flavor symmetry breaking

asqtad HISQ

PS meson splittings in HISQ calculations are reduced by factor ~ 2.5 compared to asqtad
at the same lattice spacing and are even smaller than for stout action => discretizations effects
for Nτ=8 HISQ calculations are similar to those in Nτ=12 asqtad calculations



Glossary of improved staggered actions 

p4, asqtad, HISQ, stout

p4 = std. staggered Dslash with 3-step (fat3) link +p4 term
asqtad =  std. staggered Dslash with 7-step (fat7) link + Naik term
HISQ = std. staggered Dslash with re-unitarized doubly smeared 7-step (fat7) link
stout = std. staggered Dslash with re-unitarized doubly smeared 3-step (fat7) link



Lattice set-up: 

Center symmetry and deconfinement transition
Above the phase transition temperature Z(N) (center) symmetry of SU(N) gauge theory is broken
Quarks transform non-trivially under Z(N) symmetry group
=> static charges in fundamental representations can be screened by gluons !

The free energy of static quark is infinite in the 
Continuum limit due to linear 1/a divergence => needs renormalization

;
:



Continuum  limit for L ? 

needs renormalization !

Dumitru et al, hep-th/0311223



• Use different volumes and Ferrenberg-Swedsen re-weighting to combine 
information collected at different gauge couplings 

Finite volume behavior can tell the order of the phase transition, e.g. for 1st

order transition the peak height scales as spatial volume !

Boyd et al., Nucl. Phys. B496 (1996) 167 

How to determine the deconfinement transition temperature ?

Necco, Nucl. Phys. B683 (2004) 167



Kaczmarek, Phys. Rev. D62 (2000) 034021

Correlator of Polyakov loops and deconfinement

small inverse correlation length => weak 1st order phase transition SU(3) gauge 
theory is far from the large N-limit !

The correlation function of Polyakov loops defines the free energy of static  quark anti-quark 
pair (also an order parameter)



The renormalized Polyakov loop in pure glue theory

Kaczmarek et al, PLB  543 (2002) 41,  
PRD 70 (2004) 074505, hep-lat/0309121

r ⌧ 1/T : FQQ̄(r, T ) = V (r, T = 0) + T ln 9
) normalize the QQ̄ free energy to the T = 0 potential

lim
r!1

hL(r)L†(0)i = exp(�FQQ̄(r ! 1, T )/T ) = exp(�F1/T ) = |hLi|2, FQ = F1/2

LO : F1 = �TS1 = �4

3
↵smD
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Integral method: equation of state  in SU(3) gauge theory

In Monte-Carlo simulations ln Z(T) cannot be determined but only its derivatives

computational cost go as           because of the vacuum subtraction 

Boyd et al., NPB 496 (1996) 167



large cutoff effects !

the free gas limit overestimates cutoff effects

Boyd et al., NPB496 (1996) 167

Wilson gauge action          discretization errors =>               corrections to the pressure 



Boyd et al., NPB 496 (1996) 167
Wilson gauge action
continuum extrapolation

Karsch et al, EPJ C 6 (1999) 133
Luescher-Weisz gauge action:
large reduction of cutoff effects



Renormalized chiral condensate 

The chiral transition at non-zero temperature 

Bazavov et al (HotQCD), PRD85 (2012) 054503;
Bazavov et al, PRD 87(2013)094505, 
Borsányi et al, JHEP 1009 (2010) 073  
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✏c = 420(60) MeV/fm3
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HRG: all resonances
from PDG treated
as stable (zero width)
particles in an ideal
gas
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Continuum results obtained with stout and HISQ action agree reasonably well given their
errors (some tension for the entropy density)

Even in the transition region the speed of sound is not much smaller than the 
HRG speed of sound (the EoS is never really soft)

Comparison of different continuum limit  

HISQ: Bazavov et al, PRD 90 (2014) 094503
stout: Borsányi et al, PLB730 (2014) 99



The role of charm quarks in QCD EoS

Borsányi et al, Nature 539 (2016) 69 
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The contribution of charm quarks becomes significant for T>400 MeV



QCD thermodynamics at non-zero chemical potential 

Taylor expansion : 

hadronic

quark

Taylor expansion coefficients give the susceptibilities, i.e. the fluctuations and 
correlations of conserved charges, e.g.  

information about carriers of the conserved charges ( hadrons or quarks )  

probes of deconfinement 

p(T, µu, µd, µs, µc)
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=
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