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Introduction



Nuclear force : the most important hadron interaction

What binds protons and neutrons inside a nuclei ?

p
n

gravity: too weak

Coulomb: repulsive between pp 
                no force between nn, np

1935 H. Yukawa 

introduced virtual particles (mesons) to explain the nuclear force

Yukawa potential

V (r) =
g2

4π

e−mπr

r

1949 Nobel prize

New force (nuclear force) ?



Nuclear force is a basis for understanding ...

• Structure of ordinary and hyper nuclei 

• Structure of neutron star  

• Ignition of Type II SuperNova

Λ
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Phenomenological NN potential 
(~40 parameters to fit 5000 phase shift data)

IIIIII

One-pion exchangeI

II Multi-pions

III Repulsive core
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Taketani et al.(1951)

Yiukawa(1935)
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Key features of the Nuclear force 

Modern high precision 
NN forces (90’s-)
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Repulsive Core
Importance of Repulsive core

stability of matters

Nucleus

Nucleus collapses without repulsive core !

explosion of type II supernova 

At the very end of a star life, a gravitational collapse of the 
star starts. However the collapse finally bounds back due to 
the repulsive core.

ignite the supernova explosion



Nuclear Force and Neutron Star 
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Maximum mass of neutron stars
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sustains neutron stars against 
gravitational collapse
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Our approach to Nuclear/Astro physics

Potentials from  
lattice QCD
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Interactions from lattice QCD ?

Hadron masses

X

x

hN(x, t)N(0, 0)i =
X

n

Zne
�mnt + · · · ' Z0e

�m0t, t ! 1

mN

Two hadrons

hN(t)N(t)N(0)N(0)i ' ZNNe�ENN t, t ! 1

bound state ENN � 2mN < 0 binding energy

no bound state ENN � 2mN = 0 no information 
about interactions

New method are needed !



Plan of my lectures
Introduction 
I. NBS wave function 
II. Finite volume method 
III. Potential method 
IV. A comparison between two method 
V. Applications to nuclear physics 
VI. Applications to hadron physics 
VII. Summary



I. NBS wave function 
- Theoretical Fundation -



Some assumptions/conditions

Consider “elastic scattering” 

NN → NN NN → NN + others (NN → NN + π, NN + N̄N, · · ·)

Elastic thresholdenergy Wk = 2
�

k2 + m2
N < Wth = 2mN + m�

Assume that QCD interactions are “short-range”. No Coulomb-like force.  

No massless particles. A mass (energy) gap exists between channels. 

N N
k �k



Unitarity of S-matrix

Ex. elastic scattering of two scalar particles 

unitarity

Show this

S†S = SS† = 1, S = 1 + iT

hf |T |ii � hf |T †|ii = i
X

n

hf |T †|nihn|T |ii

T � T † = iT †T

k1 + k2 ! p1 + p2

k1 = (Ek1 ,~k1), k2 = (Ek2 ,�~k2)
p1 = (Ep1 , ~p1), p2 = (Ep2 ,�~p2)

Eq =
p
~q2 +m2

m: mass

hp1, p2|T |k1, k2i ⌘ (2⇡)4�(4)(k1 + k2 � p1 � p2)T (~p1, ~p2;~k1,~k2)

X

n

|nihn| =
Z

d3q1d3q2
(2⇡)32Eq1(2⇡)

32Eq2

|q1, q2ihq1, q2|

T (~p1, ~p2;~k1,~k2)� T †(~p1, ~p2;~k1,~k2) =
i

4⇡2

Z
d3q1d3q2
2Eq12Eq2

�(4)(k1 + k2 � q1 � q2)T
†(~p1, ~p2; ~q1, ~q2)T (~q1, ~q2;~k1,~k2)



CM (center of mass) ~k1 = ~k2 = ~k, ~p1 = ~p2 = ~p

T (~p;~k)� T †(~p;~k) =
i

4⇡2

Z
d3q

(2Eq)2
�(2Ek � 2Eq)T

†(~p; ~q)T (~q;~k) =
i

32⇡2

k

Ek

Z
d⌦~qT

†(~p; ~q)T (~q;~k)

solid angle

q = |~q| = p = |~p| = k = |~k|

partial wave expansion

T (~p;~k) = 4⇡
1X

l=0

lX

m=�l

Tl(k)Ylm(⌦~p)Y lm(⌦~k) spherical harmonic function 
Z

d⌦~q Y l1m1(⌦~q)Yl2m2(⌦~q) = �l1l2�m1m2

Tl(k)� T l(k) =
ik

8⇡Ek
T l(k)Tl(k)

solution

unitarity constraint show this

Tl(k) =
16⇡Ek

k
ei�l(k) sin �l(k)

show this

�l(k): phase of S-matrix for a given l



Lippmann-Schwinger equation

H = H0 + V H0|↵i0 = E↵|↵i0non-interacting state

(asymptotic) in & out states H|↵ias = E↵|↵ias, as = in(+), out(�)

lim
t!⌥1

|↵i± = |↵i0 |↵i+
|↵i�

|↵i0
|↵i0 t = �1
t = +1

Z
d↵ e�iE↵tg(↵)|↵i±

Z
d↵ e�iE↵tg(↵)|↵i0 g(↵) : wave packet

(E↵ �H0)|↵i± = V |↵i± |↵i± = |↵i0 +
1

E↵ �H0 ± i✏
V |↵i±

T±
�↵ ⌘ 0h�|V |↵i±

Lippmann-Schwinger equation

|↵i± = |↵i0 +
Z

d� |�i0 0h�|V |↵i±
E↵ � E� ± i✏

t ! ⌥1



t ! ±1

t ! ⌥1
0

⌥2⇡ie�iE�t

Z
d↵�(E↵ � E�)g(↵)T

±
�↵

I±� ⌘
Z

d↵
e�iE↵tg(↵)T±

�↵

E↵ � E� ± i✏ show this

E� � i✏

E� + i✏
E↵

Z
d↵ e�iE↵tg(↵)|↵i±

t ! ⌥1

Z
d↵ e�iE↵tg(↵)|↵i0

t ! ±1

Z
d� e�iE�t|�i0


g(�)⌥ 2i⇡

Z
d↵ �(E↵ � E�)g(↵)T

±
�↵

�

wave-pocket



S-matrix S�↵ ⌘ �h�|↵i+ = 0h�|S|↵i0

Z
d↵ e�iE↵tg(↵)|↵i+ =

Z
d↵g(↵)

Z
d�e�iHt|�i��h�|↵i+ !

Z
d�e�iE�t|�i0

Z
d↵g(↵)S�↵

t ! 1

Z
d� e�iE�t|�i0

Z
d↵ g(↵)

h
�(� � ↵)� 2i⇡�(E↵ � E�)T

+
�↵

it ! 1

S�↵ = �(� � ↵)� 2i⇡�(E↵ � E�)T
+
�↵

S = 1 + iT

0h�|T |↵i0 = �2⇡�(E↵ � E�)T
+
�↵

(on-shell) T-matrix half off-shell T-matrix

Ex. two particles scattering 

T+
�↵ = �(2⇡)3�(3)(~k1 + ~k2 � ~p1 � ~p2)T (~p1, ~p2;~k1,~k2)

T±
�↵ ⌘ 0h�|V |↵i±



Nambu-Bethe-Salpeter (NBS) wave function

Def. 'i(~x) ⌘ 'i(t = 0, ~x)

|↵i± = |↵i0 +
Z

d� |�i0 0h�|V |↵i±
E↵ � E� ± i✏

Two distinct particles 

Z
d� |�i00h�| =

Z
d3k1d3k2

(2⇡)62Ek12Ek2

|k1, k2ihk1, k2|

 

↵

(~x1, ~x2) = Z

↵

"
e

i~q1~x1+i~q2~x2 �
Z

d

3
k1d

3
k2

(2⇡)32E
k12Ek2

Z

�

Z

↵

�

(3)(~k1 + ~

k2 � ~q1 � ~q2)
T (~k1,~k2; ~q1, ~q2)

E

↵

� E

�

+ i✏

e

i

~

k1~x1+i

~

k2~x2

#

 ↵(~x1, ~x2) ⌘ 0h0|'1(~x1)'2(~x2)|↵i+

 ↵(~x1, ~x2) = 0h0|'1(~x1)'2(~x2)|↵i0 +
Z

d� 0h0|'1(~x1)'2(~x2)|�i0
T

+
�↵

E↵ � E� + i✏

0h0|'1(~x1)'2(~x2)|↵i0 = Z

↵

e

i~q1~x1+i~q2~x2
, Z

↵

=
1

(2⇡)3
p
2E

q12Eq2



CM frame ~r = ~x1 � ~x2, ~q = ~q1 = �~q2,
~

k = ~

k1 = �~k2

partial wave expansion

show this

3 Nambu-Bethe-Salpeter (NBS) wave function

Using the Lippmann-Schwinger equation, the NBS wave function, defined
by,

ψα(x⃗1, x⃗2) ≡ 0⟨0|φ1(0, x⃗1)φ2(0, x⃗2)|α⟩+, (19)

is expressed as

ψα(x⃗1, x⃗2) = 0⟨0|φ1(0, x⃗1)φ2(0, x⃗2)|α⟩0

+
∫

dβ0⟨0|φ1(0, x⃗1)φ2(0, x⃗2)|β⟩0
T+
βα

Eα − Eβ + iϵ
. (20)

Using

0⟨0|φ1(0, x⃗1)φ2(0, x⃗2)|q1, q2⟩0 = Zαe
iq⃗1x⃗1+iq⃗2x⃗2 , (21)

∫
dβ|β⟩00⟨β| =

∫
d3k1d3k2

(2π)62Ek12Ek2
|k1, k2⟩⟨k1, k2|,(22)

with

Zα ≡ 1

(2π)3
√
2Eq12Eq2

, (23)

we have

ψα(x⃗1, x⃗2) = Zα

[

eiq⃗1x⃗1+iq⃗2x⃗2 −
∫

d3k1d3k2
(2π)32Ek12Ek2

Zβ

Zα
δ(3)(k⃗1 + k⃗2 − q⃗1 − q⃗2)

× T (k⃗1, k⃗2; q⃗1, q⃗2)

Eα − Eβ + iϵ
eik⃗1x⃗1+ik⃗2x⃗2

]

. (24)

In the center of mass system (k⃗1 = −veck2 = k⃗) with r⃗ ≡ x⃗1 − x⃗2, this
becomes

ψq⃗(r⃗) = Zq

[

eiq⃗r⃗ −
∫

d3k

(2π)3
eik⃗r⃗

(2Ek)2
Zk

Zq

T (k⃗; q⃗)

2Eq − 2Ek + iϵ

]

. (25)

(1) Show

ψl(r, q) = Zq

[

jl(qr)−
1

2π2

∫ ∞

0
k2dk

jl(kr)

(2Ek)2
Zk

Zq

(Ek + Eq)Tl(k, q)

2(q2 − k2 + iϵ)

]

,(26)

where we use

ψq⃗(r⃗) = 4π
∑

lm

ilψl(r, q)Ylm(Ωr⃗)Y lm(Ωq⃗), (27)

eiq⃗r⃗ = 4π
∑

lm

iljl(qr)Ylm(Ωr⃗)Y lm(Ωq⃗), (28)

T (k⃗; q⃗) = 4π
∑

lm

Tl(k, q)Ylm(Ωk⃗)Y lm(Ωq⃗). (29)

3



Asymptotic behavior of NBS wave function

show this

Tl(k) =
16⇡Ek

k
ei�l(k) sin �l(k)

scattering wave in QM but with 
the phase of S-matrix ! 

Fl(�k) = (�1)lFl(k)

= �⇡q

2
Fl(q)

ei(qr�l⇡/2)

qr
' �⇡q

2
Fl(q) [nl(qr) + ijl(qr)]

�⇡q

2
Fl(q) [nl(qr) + ijl(qr)]

lim
k!q

Tl(k, q) = Tl(q)half off-shell on-shell



Better derivation by Gongyo (unpublished)

spherical Hankel functions 

integration involving with the spherical bessel function

Shinya Gongyo1

1
Nishina Center, RIKEN, Wako, Saitama 351-0198, Japan

Let us consider the integration,

g

l

(r) =

Z 1

0

k

2
dk

2⇡2

j

l

(kr)f
l

(k)

k

2 � q

2 � i✏

. (1)

where the scalar function f

l

(k) has the property, f
l

(�k) = (�1)lf
l

(k). Using the spherical Hankel functions, h
(1)
l

(x)

and h

(2)
l

(x), given by

h

(1)
l

(x) = j

l

(x) + in

l

(x), (2)

h

(2)
l

(x) = j

l

(x)� in

l

(x), (3)

with j

l

(x), n
l

(x) being the spherical Bessel functions of the first and second kind, respectively, the integration are
rewritten as

g

l

(r) =
1

2

Z 1

0

k

2
dk

2⇡2

(h
(1)
l

(kr) + h

(2)
l

(kr))f
l

(k)

k

2 � q

2 � i✏

=
1

2

Z 1

�1

k

2
dk

2⇡2

h

(1)
l

(kr)f
l

(k)

k

2 � q

2 � i✏

(4)

where we used

h

(2)
l

(�x) = (�1)lh
(1)
l

(x). (5)

The power-series expansion for the Hankel function is given by

h

(1)
l

(x) = (2x)l
1X

m=0

(�1)m(l +m)!

m!(2l + 2m+ 1)!
x

2m � i

2lxl+1

1X

m=0

�(2l � 2m+ 1)

m!�(l �m+ 1)
x

2m
. (6)

Note that although the singular behaviors around x = 0 appear from the second term, its contribution to h

(1)
l

(kr)f
l

(k)
becomes always odd functions and its integration is canceled by positive and negative integration regions.

As the asymptotic behavior of the Hankel function in the region of x ! 1 is given by

h

(1)
l

(x) ⇠ i

�l�1
x

�1
e

ix

, (7)

the integration in the contour in the upper half region goes to zero, and thus only by picking up the pole k = q + i✏,

g

l

(r) = i

q

4⇡
h

(1)
l

(qr)f(q) (8)

Fl(�k) = (�1)lFl(k)

integration involving with the spherical bessel function

Shinya Gongyo1

1
Nishina Center, RIKEN, Wako, Saitama 351-0198, Japan

Let us consider the integration,

g

l

(r) =

Z 1

0

k

2
dk

2⇡2

j

l

(kr)f
l

(k)

k

2 � q

2 � i✏

. (1)

where the scalar function f

l

(k) has the property, f
l

(�k) = (�1)lf
l

(k). Using the spherical Hankel functions, h
(1)
l

(x)

and h

(2)
l

(x), given by

h

(1)
l

(x) = j

l

(x) + in

l

(x), (2)

h

(2)
l

(x) = j

l

(x)� in

l

(x), (3)

with j

l

(x), n
l

(x) being the spherical Bessel functions of the first and second kind, respectively, the integration are
rewritten as

g

l

(r) =
1

2

Z 1

0

k

2
dk

2⇡2

(h
(1)
l

(kr) + h

(2)
l

(kr))f
l

(k)

k

2 � q

2 � i✏

=
1

2

Z 1

�1

k

2
dk

2⇡2

h

(1)
l

(kr)f
l

(k)

k

2 � q

2 � i✏

(4)

where we used

h

(2)
l

(�x) = (�1)lh
(1)
l

(x). (5)

The power-series expansion for the Hankel function is given by

h

(1)
l

(x) = (2x)l
1X

m=0

(�1)m(l +m)!

m!(2l + 2m+ 1)!
x

2m � i

2lxl+1

1X

m=0

�(2l � 2m+ 1)

m!�(l �m+ 1)
x

2m
. (6)

Note that although the singular behaviors around x = 0 appear from the second term, its contribution to h

(1)
l

(kr)f
l

(k)
becomes always odd functions and its integration is canceled by positive and negative integration regions.

As the asymptotic behavior of the Hankel function in the region of x ! 1 is given by

h

(1)
l

(x) ⇠ i

�l�1
x

�1
e

ix

, (7)

the integration in the contour in the upper half region goes to zero, and thus only by picking up the pole k = q + i✏,

g

l

(r) = i

q

4⇡
h

(1)
l

(qr)f(q) (8)

the second term in the integral = 0

integration involving with the spherical bessel function

Shinya Gongyo1

1
Nishina Center, RIKEN, Wako, Saitama 351-0198, Japan

Let us consider the integration,

g

l

(r) =

Z 1

0

k

2
dk

2⇡2

j

l

(kr)f
l

(k)

k

2 � q

2 � i✏

. (1)

where the scalar function f

l

(k) has the property, f
l

(�k) = (�1)lf
l

(k). Using the spherical Hankel functions, h
(1)
l

(x)

and h

(2)
l

(x), given by

h

(1)
l

(x) = j

l

(x) + in

l

(x), (2)

h

(2)
l

(x) = j

l

(x)� in

l

(x), (3)

with j

l

(x), n
l

(x) being the spherical Bessel functions of the first and second kind, respectively, the integration are
rewritten as

g

l

(r) =
1

2

Z 1

0

k

2
dk

2⇡2

(h
(1)
l

(kr) + h

(2)
l

(kr))f
l

(k)

k

2 � q

2 � i✏

=
1

2

Z 1

�1

k

2
dk

2⇡2

h

(1)
l

(kr)f
l

(k)

k

2 � q

2 � i✏

(4)

where we used

h
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The power-series expansion for the Hankel function is given by
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Note that although the singular behaviors around x = 0 appear from the second term, its contribution to h

(1)
l

(kr)f
l

(k)
becomes always odd functions and its integration is canceled by positive and negative integration regions.

As the asymptotic behavior of the Hankel function in the region of x ! 1 is given by
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the integration in the contour in the upper half region goes to zero, and thus only by picking up the pole k = q + i✏,

g

l

(r) = i

q

4⇡
h

(1)
l

(qr)f(q) (8)

x ! 1

gl(r) =

Z 1

0
k2dk

jl(kr)

q2 � k2 + i✏
Fl(k)

gl(r) =
1

2

Z 1

0
k2dk

h(1)
l (kr) + h(2)

l (kr)

q2 � k2 + i✏
Fl(k)

=
1

2

Z 1

�1
k2dk

h(1)
l (kr)

q2 � k2 + i✏
Fl(k)

pole contribution dominates
show this
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Finite volume method

Interaction  
range

No interaction If the box size L is larger than the interaction 
range 2R, 

With PBC, the allowed momenta are restricted.

Free theory

Interacting theory 



1-dimensional example
Free theory

0 L

 (0) =  (L) = 0

Dirichlet B.C

x

 (x) = sin(kx)

k = n
⇡

L

quantization condition

Interacting theory

interaction region free region

�(k) : phase shift (x) = Z sin(kx+ �(k))

 (L) = Z sin(kL+ �(k)) = 0

n 2 Z+

quantization condition

If we know

9kn allowed on a finite L interval, we can obtain

x
0 L

�⇡ < �(kn) = n⇡ � knL  ⇡

kL+ �(k) = n⇡

A difference from free theory gives phase shift.



Finite volume formula (FVF) in 3-dimensions

See, for example, S. Aoki, “Lattice QCD and Nuclear Physics” , in Les Houches 2009 “Modern Perspective in 
Lattice QCD”, for a comprehensive derivation.

Procedure to obtain the phase shift in lattice QCD

1. measure energy of two particles in lattice QCD with finite box size L. 

2. convert energy E to q. 

3. obtain the phase shift at one q per L 
from the finite volume formula.

4. change L and repeat.

5. obtain the phase shift at discrete q’s.

FVF lines

CM frame



Example: π+π− scattering ( ρ meson width) C. Alexandrou et al., arXiv:1704.05439

m⇡ = 316 MeV, a = 0.11 fm, L = 3.6 fm

Energy of two particles
5

this case, the projection proceeds through the for-
mula given in Ref. [7]:

O⇤,

~

P

⇡⇡

(t) =
dim(⇤)

N
LG(

~

P )

X

ˆ

R2LG(

~

P )

�
⇤

(R̂)

✓
⇡+(t, ~P/2 + R̂~p ) ⇡0(t, ~P/2� R̂~p )

� ⇡0(t, ~P/2 + R̂~p ) ⇡+(t, ~P/2� R̂~p )

◆
, (20)

where

~p =
~P

2
+

2⇡

L
~m, ~m 2 Z3. (21)

(An alternative method to construct the interpola-
tors is the subduction method [53–55], which gives
the same types of interpolators as we find with the
projection method.)

In the following, we use the schematic notation
O

1

for quark-antiquark interpolators with �
i

, O
2

for quark-antiquark interpolators with �
0

�
i

, and O
3

,
O

4

for two-pion interpolators with the smallest and
second-smallest possible ~p in the given irrep.

B. Wick contractions

The correlation matrix C⇤,

~

P

ij

(t) is obtained from
the interpolators defined above as

C⇤,

~

P

ij

(t
f

� t
i

) = hO⇤,

~

P

i

(t
f

)O⇤,

~

P

j

(t
i

)†i , (22)

where t
i

is the source time and t
f

is the sink time.
The correlation matrix elements are expressed in
terms of quark propagators by performing the Wick
contractions (i.e., by performing the path integral
over the quark fields in a given gauge-field configura-
tion). The resulting quark-flow diagrams are shown
in Fig. 2 (for the case I = 1 considered here, further
disconnected diagrams cancel due to exact isospin
symmetry). In this section, we use the generic nota-
tion q̄q for the i = 1, 2 interpolators and ⇡⇡ for the
i = 3, 4 interpolators to describe our method.

The diagrams in Fig. 2 are obtained from point-to-
all propagators (labeled f), sequential propagators
(labeled seq) and stochastic timeslice-to-all propaga-
tors (labeled st). In detail, these propagator types
are given as follows:

a. Point-to-all propagator: Writing the quark
and anti-quark fields as  (t

f

, ~x)a
↵

and  ̄(t
i

, ~x
i

)b
�

,
where ↵,� are spin indices and a, b are color indices,
the point-to-all propagator S

f

from the fixed initial
point x

i

= (t
i

, ~x
i

) to any final point x
f

= (t
f

, ~x
f

)
on the lattice is the matrix element of the inverse of
the lattice Dirac operator D:

q̄q ⇡⇡

q̄q

d̄�iu d̄�iu

d̄�5u

ū�5u

d̄�iu

⇡⇡

d̄�5u

ū�5u

d̄�iu

d̄�5u

ū�5u

d̄�5u

ū�5u

d̄�5u

ū�5u

d̄�5u

ū�5u

FIG. 2. The Wick contractions corresponding to
the correlation matrix elements of type C

q̄q�q̄q

, C
⇡⇡�q̄q

,
Cdirect

⇡⇡�⇡⇡

and Cbox

⇡⇡�⇡⇡

.

(x⃗f , tf) Sf (x⃗i , ti)

S
f

(t
f

, ~x; t
i

, ~x
i

)ab
↵�

= h (t
f

, ~x
f

)a
↵

 ̄(t
i

, ~x
i

)b
�

i
f

= D�1(t
f

, ~x
f

; t
i

, ~x
i

)ab
↵�

. (23)

b. Sequential propagator: The sequential prop-
agator describes the quark flow through a vertex
of a given flavor and Lorentz structure. It is
obtained from a point-to-all propagator by a second
(sequential) inversion on a source built from the
point-to-all propagator with an inserted vertex at
timeslice t

seq

with spin structure � and momentum
insertion ~p:

(x⃗f , tf) (x⃗i , ti)Sseq

Γ(p⃗)

S
seq

(t
f

, ~x
f

; t
seq

, ~p,�; t
i

, ~x
i

)

=
X

~xseq

D�1(t
f

, ~x
f

; t
seq

, ~x
seq

)

⇥ � ei~p·~xseq S
f

(t
seq

, ~x
seq

; t
i

, ~x
i

) . (24)

c. Stochastic timeslice-to-all propagator: The
stochastic timeslice-to-all propagator is defined as
the inversion of the Dirac matrix with a stochastic
timeslice momentum source:

(x⃗f , tf) (p⃗i , ti)Sst

S
st

(t
f

, ~x
f

; t
i

, ~x
i

) =

1

N
sample

NsampleX

r=1

�r
ti,~pi

(t
f

, ~x
f

) ⇠r
ti,~0

(t
i

, ~x
i

)† , (25)

where

�r
ti,~pi

= D�1 ⇠r
ti,~pi

and ⇠r
ti,~pi

(t, ~x) = �
t,ti e

i~pi·~x ⇠r
ti
(~x) .

total momentum

⇢+ ⇢+ ⇢+

⇢+

(⇡⇡)Iz=1
I=1 =

1p
2

�
⇡+⇡0 � ⇡0⇡+

�

(⇡⇡)Iz=1
I=1

(⇡⇡)Iz=1
I=1(⇡⇡)Iz=1

I=1 (⇡⇡)Iz=1
I=1

~P = 0 (CM), 6= 0 (boost)

relative momenta

~p =
~P

2
+

2⇡

L
~n

9
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FIG. 4. Comparison between MFA and GEVP for the momentum frames and irreps L

2⇡

|~P | = 0, 1,
p
2 and ⇤ =

T
1

, A
2

, E,B
1

, respectively. The green circles on the left panel show the e↵ective energies En

eff

determined from
the principal correlators. In the right panel we present the fitted energies as they depend on the choice of t

min

.
Black diamonds are obtained from MFA, red squares are obtained from the single exponential fits to the principal
correlator [see Eq. (40)], and blue circles are from two-exponential fits to the principal correlator [see Eq. (41)]. Note
that not all two-exponential fits are shown, as they can become unstable. The red horizontal bands give the 1�
statistical-uncertainty ranges of the selected one-exponential GEVP fits listed in Table III.

Effective energy



8

L

2⇡

|~P | ⇤ Basis n Fit range �

2

dof

aE⇤,

~

P

n

a

q
s⇤,

~

P

n

�
1

[�] Included

0 T
1

O
1234

1 8-18 0.82 0.4588(16)(12) 0.4588(16)(12) 86.0(1.6)(1.2) Yes

0 T
1

O
1234

2 8-18 0.66 0.5467(16)(9) 0.5467(16)(9) 166.5(2.1)(1.3) Yes

0 T
1

O
1234

3 7-15 1.54 0.6713(41)(104) 0.6713(41)(104) 172.9(4.7)(168.1) No

1 A
2

O
1234

1 8-18 0.61 0.44536(73)(23) 0.39974(82)(25) 2.81(25)(9) Yes

1 A
2

O
1234

2 8-18 1.04 0.5124(20)(17) 0.4732(22)(18) 131.3(1.9)(1.6) Yes

1 A
2

O
1234

3 9-16 0.69 0.5983(31)(37) 0.5652(33)(39) 6.1(7.1)(8.3) No

1 E O
123

1 8-18 1.43 0.5004(18)(14) 0.4603(20)(16) 93.7(1.7)(1.3) Yes

1 E O
123

2 8-17 1.37 0.6136(25)(24) 0.58134(27)(26) 166.3(2.8)(2.7) Yesp
2 B1 O

1234

1 8-18 1.23 0.5041(13)(10) 0.4207(16)(12) 8.84(89)(68) Yesp
2 B1 O

1234

2 8-17 1.09 0.5557(26)(27) 0.4814(30)(31) 144.9(2.3)(2.4) Yesp
2 B2 O

1234

1 8-18 0.56 0.5189(15)(11) 0.4384(18)(13) 19.9(1.7)(1.2) Yesp
2 B2 O

1234

2 8-18 1.18 0.5634(26)(23) 0.4902(30)(27) 152.0(2.6)(2.4) Yesp
2 B2 O

1234

3 8-16 1.28 0.6717(40)(49) 0.6116(44)(54) 158(14)(17) Nop
2 B3 O

1234

1 9-18 0.97 0.5376(38)(34) 0.4603(45)(39) 99.1(3.5)(3.1) Yesp
2 B3 O

1234

2 9-18 1.15 0.6573(43)(49) 0.5958(48)(54) 174(15)(172) Nop
2 B3 O

1234

3 8-14 0.82 0.6780(67)(88) 0.6185(74)(96) 167.0(5.6)(6.9) Nop
3 A2 O

1234

1 8-18 0.68 0.5538(35)(49) 0.4371(44)(62) 15.5(3.4)(4.8) Yesp
3 A2 O

1234

2 8-16 1.41 0.5905(35)(39) 0.4827(43)(48) 149(11)(13) Yesp
3 A2 O

1234

3 8-16 1.10 0.6093(49)(50) 0.5055(59)(60) 156.5(7.5)(14.4) Nop
3 E O

123

1 8-16 0.71 0.5641(37)(41) 0.4501(47)(50) 44.4(5.0)(5.3) Yesp
3 E O

123

2 7-16 0.72 0.6195(33)(54) 0.5178(39)(64) 160.6(3.3)(5.4) Yes

TABLE III. GEVP results for the energy levels. We set t
0

/a = 3 and use the one-exponential form in Eq. (40) to fit

the principal correlators. Also shown are the corresponding center-of-mass energy

q
s⇤,

~

P

n

and extracted phase shift

�
1

⇣q
s⇤,

~

P

n

⌘
. The last column indicates whether the energy level is used our global analysis of ⇡⇡ scattering (see

Sec. VII).

FIG. 3. Sample matrix fit with N
states

= 3 for
|~P | = 2⇡

L

,⇤ = A
2

in the range between t
min

/a = 8
and t

min

/a = 20.

where t
min

has to be chosen large enough such
that contributions from n > N

states

become neg-
ligible. For an m ⇥ m correlation matrix, this
model has N

states

⇥ (m+ 1) parameters. To ensure
that the energies returned from the fit are ordered,
we used the logarithms of the energy di↵erences,

l⇤,

~

P

n

= ln
⇣
aE⇤,

~

P

n

� aE⇤,

~

P

n�1

⌘
, instead of aE⇤,

~

P

n

(for

n > 1) as parameters in the fit. To simplify the
task of finding suitable start values for the iterative
�2-minimization process, we also rewrote the over-
lap parameters as Z

i, n

= B
i, n

Z
i

with B
i, n

= 1 for n
equal to the state with which O

i

has the largest over-
lap. Good initial guesses for Z

i

can then be obtained

from single-exponential fits of the form Z
i

Z
i

e�E

⇤,~P
n t

to the diagonal elements C⇤,

~

P

ii

(t) in an intermedi-
ate time window in which the n-th state dominates,
and the start values of B

i, n

can be set to zero. An
example matrix fit is shown in Fig. 3.

In the matrix fits, we excluded the interpolat-
ing fields O

2

, which are very similar to O
1

and did
not provide useful additional information. For each
(⇤, ~P ), we performed either 3⇥3 matrix fits (includ-
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a
p

s

0
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� 1

[� ]

am⇢ = 0.4609(16)(14)
g⇢⇡⇡ = 5.69(13)(16)

FIG. 11. Final result of fitting the resonant model
BW I to the spectrum via the t-matrix fit. The gray
data points are the results of the individual phase shift
extractions for each energy level, and are not used in the
t-matrix fit.

Given that we have only one lattice spacing, we are
unable to quantify discretization errors (except in
the pion dispersion relation, Sec. III B, where we find
c2 to be consistent with 1 within 2%). Using the
lattice spacing determined from the ⌥(2S)�⌥(1S)
splitting (see Table I), we obtain

m
⇡

= 316.6(0.6)
stat

(2.1)
a

MeV,

m
⇢

= 797.6(2.8)
stat

(2.4)
sys

(5.4)
a

MeV,

g
⇢⇡⇡

= 5.69(13)
stat

(16)
sys

. (53)

The phase shift curve of our chosen fit is shown in
Fig. 11.

VIII. SUMMARY AND CONCLUSIONS

We have presented a (2 + 1)-flavor lattice QCD
calculation of I = 1, P wave ⇡⇡ scattering at a
pion mass of approximately 320 MeV. The calcula-
tion was performed in a large volume of (3.6 fm)3 ⇥
(10.9 fm) and utilized all irreps of LG(~P ) with total
momenta up to |~P |  p

3 2⇡

L

. Using a method based
on forward, sequential, and stochastic propagators
that scales well with the volume, we have achieved
high statistical precision (0.35% for am

⇢

and 2.3%
for g

⇢⇡⇡

).
We compared two di↵erent methods to determine

the energy spectrum: the generalized eigenvalue
problem (GEVP), and multi-exponential direct ma-
trix fits to the correlation matrices (MFA). A care-
ful investigation of the dependence on the fit ranges

showed that both approaches are equally powerful
and give consistent results.

After determining the elastic scattering phase
shifts from the spectrum, we analyzed several dif-
ferent models for the energy dependence of the ⇡⇡
scattering amplitude. We investigated two di↵erent
Breit-Wigner forms, one with added Blatt-Weisskopf
barrier factors, and found that the addition of this
degree of freedom was not necessary to describe our
data. This could be due to the higher-than-physical
pion mass used in this work. Additionally, we exam-
ined whether there is a nonresonant contribution to
the scattering phase shift, finding that it is consis-
tent with zero within our statistical uncertainties.

Regarding the technical aspects of the analysis, we
also compared two di↵erent ways of determining the
scattering parameters: extracting the discrete phase
shift points from each individual energy level (which
is only feasible for elastic scattering) versus fitting
the parameters of the t-matrix directly to the spec-
trum (as is also done in multichannel studies). We
have demonstrated numerically that both methods
are equivalent.

In summary, we found that the I = 1, P -
wave ⇡⇡ scattering at our pion mass m

⇡

=
0.3166(6)

stat

(21)
a

GeV and in the elastic energy re-
gion is well described by the minimal resonant Breit-
Wigner model BW I (defined in Sec. II) with the
parameters m

⇢

= 0.7976(28)
stat

(24)
sys

(54)
a

GeV
and g

⇢⇡⇡

= 5.69(13)
stat

(16)
sys

. A recent overview
of other lattice QCD results for these parameters
can be found in Fig. 7 of Ref. [18]. Our result for
the coupling is consistent with the general finding
that g

⇢⇡⇡

has no discernible pion-mass dependence
in the region between m

⇡,phys

and approximately
3m

⇡,phys

. Our value for m
⇢

is at the lower end of
the range when compared to previous calculations at
a similar pion mass. Note that both g

⇢⇡⇡

and m
⇢

are
consistent with the values obtained with N

f

= 2 in
Ref. [17] at almost the same pion mass, which indi-
cates that the e↵ect of the dynamical strange quark
at this pion mass is small.
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FVF in CM & boosted systems
Breit-Wigner fit

�1(s) = tan�1

✓p
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m2
⇢ � s

◆

k2 = s/4�m2
⇡

�(s) =
g2⇢⇡⇡
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k3

s

m⇢ = 797.6(2.8)(2.4) MeV

g⇢⇡⇡ = 5.69(13)(16)

s = (p1 + p2)2 : CM energy



Two nucleon systems: Difficulty 1 
Two-nucleon propagator

GNN (t) = hN(t)N(t)N̄(0)N̄(0)i = Z0e
�E0t + Z1e

�E1t + · · · ! Z0e
�E0t, t ! 1

• (systematic errors) t can not be infinite. E↵ects of E1, E2, · · · .

• (statistical errors) GNN (t) is calculated by the Monte-Carlo average.

Signal Noise

hN(t)N̄(0)i ' e�mN tSingle-nucleon
q

h|N(t)N̄(0)|2i '
p
e�3m⇡t = e�

3
2m⇡t

A-nucleons hNA(t)N̄A(0)i ' e�AmN t
q

h|NA(t)N̄A(0)|2i ' e�A 3
2m⇡t



Signal-to-Noise ratio

SA(t)
NA(t)

=
�NA(t)N̄A(0)��
�|NA(t)N̄A(0)|2�

� exp
�
�A

�
mN � 3m�

2

�
t

�

becomes worse more baryons lighter pions larger time 

A (kind of) sign problem for fermion systems.

In addition to this difficulty,

A single baryon is well understood. Baryon masses



Difficulty 2
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FIG. 5: Same as Fig. 3 for 3He channel.
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FIG. 6: Same as Fig. 2 for 3S1 channel.
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t=0.9-1.3 fm
Is this plateau really correct ?

GNN (t) = hN(t)N(t)N̄(0)N̄(0)i = Z0e
�E0t + Z1e

�E1t + · · · ! Z0e
�E0t, t ! 1

Excitation energy
finite volume effect for scattering state ' 1

mN

(2⇡)2

L2

• Excitation energy ~ binding energy or finite V effect  
 

 
 
 
 
 
 

 

 

 
Elastic 

       

 
Inelastic 

NNπ 

NN 

Physical Mπ 
L=8fm 

Mπ=0.5 GeV 
L=3fm 

Mπ=0.3 GeV 
L=6fm 

10-13 10-25 10-4 

(simple) 

System w/o Gap 

New Challenge for multi-body systems 
30 

(For both of Direct method / (old) HAL method) 

Challenges in multi-baryons on the lattice 

(very small) 

E1 � E0 ' 50 MeV at L = 4 fm

t � 1/(E1 � E0) ' 4 fm is needed to suppress excited states.

Ee↵(t) = �1

a
log

✓
GNN (t+ a)

GNN (t)

◆



Check by Finite volume formula
Energy shift
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FIG. 9: Same as Fig. 3 for 1S0 channel.
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FIG. 10: m2
π dependence of ∆E∞ for 3S1 channel. Closed(open and cross) symbol denote the

2+1/3 flavor(quenched) result. The results of Refs. [2, 3] and this work are extrapolated values in

the infinite volume limit. Experimental result (star) is also presented for comparison.
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�
E

1/L3

YIKU2012

�E = 2
q
k2 +m2

N � 2mN , q =
kL

2⇡

k cot �(k) =
1

⇡L

X

~n2Z3

1

~n2 � q2

�(k):scattering phase shift

expected behavior
Effective Range Expansion (ERE)

k cot �(k) =
1

a
+

1

2

rk2 + · · ·

intercept 
(scattering length)

slope 
(effective range)

bound state

FVF gives analytic continuation of the phase shift.

T. Iritani et al., arXiv:1703.07210.



Check for data of Yamazaki et al.  PRD86(2012)074514

m⇡ = 0.51 GeV, L = 2.9� 5.8 fm

�ENN (1S0) = �7.4(1.3)(0.6) MeV
�ENN (3S1) = �11.5(1.1)(0.6) MeV

ERE? ERE?

�E is almost independent on L, while it is shallow bound state.

Plateaux at small t lead to singular behaviors, 
thus they are not trustable.
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FIG. 5: Same as Fig. 3 for 3He channel.
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FIG. 6: Same as Fig. 2 for 3S1 channel.
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Why ?
Mock-up data

R(t) = e��Et
�
1 + b e��Eelt + c e��Einelt

�

the lowest excitation energy of elastic scattering state

�Einel = 500 MeV the inelastic energy from heavy pions 
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�Eel �
1
L2

c = 0.01 1% contamination

b = ±0.1

�Eel = 50 MeV at L � 4 fm

10 % contamination b = 0 for a comparison

@ m⇡ = 0.5 GeV, L = 4 fm (setup of YIKU2012)
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Zoom + increasing errors and fluctuations



b=0.1

b=-0.1

b=0

Zoom + increasing errors and fluctuations
“plateau-like” structure at t ~ 1fm 

but they are fake 

t=8-10 fm 
necessary  

Can plateau identification avoid the S/N issue ? 
~ demonstration in direct method ~ 

• “Observation of plateau guarantees the G.S. saturation 
even when t >> 1/(E1-E0) is NOT satisfied” 
 

• Mock-up data 

Yamazaki et al. (’11,’12,’15), NPL (’12,’13,’15), CalLat(’15) 

Zoom + typical stat error 

It’s a Myth ! 
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b=0.1

b=-0.1

b=0

“Plateaux” at t ~ 1 fm 
but they are fake.

Zoom + increasing errors and fluctuations
“plateau-like” structure at t ~ 1fm 

but they are fake 

t=8-10 fm 
necessary  

Can plateau identification avoid the S/N issue ? 
~ demonstration in direct method ~ 

• “Observation of plateau guarantees the G.S. saturation 
even when t >> 1/(E1-E0) is NOT satisfied” 
 

• Mock-up data 

Yamazaki et al. (’11,’12,’15), NPL (’12,’13,’15), CalLat(’15) 

Zoom + typical stat error 

It’s a Myth ! 

Alternative ?

The “looking for a plateau at small t” method does not work !

Variational method ? (no attempt so far due to large numerical costs)



III. Potential Method



The Nuclear Force from Lattice QCD
N. Ishii, S. Aoki, T. Hatsuda

Phys. Rev. Lett. 99 (2007) 022001

Theoretical Foundation of  the Nuclear Force in QCD and its applications to Central 
and Tensor Forces in Quenched Lattice QCD Simulations 

S. Aoki, T. Hatsuda, N. Ishii
Prog. Theor. Phys. 123 (2010) 89-128

Lattice QCD approach to Nuclear Physics
HAL QCD Collaboration (S. Aoki et al. ,)

PTEP 2012 (2012) 01A105
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Phenomenological NN potential

One-pion exchange
I

� One-pion exchange
Yukawa (1935)

�repulsive
core

� Repulsive core
Jastrow  (1951)

��������...

� Multi-pions
Taketani et al.
(1951)

Key features of the Nuclear force 

Modern high precision 
NN forces (90’s-)

Multi-pions

Yukawa(1935)

II

� One-pion exchange
Yukawa (1935)

�repulsive
core

� Repulsive core
Jastrow  (1951)

��������...

� Multi-pions
Taketani et al.
(1951)

Key features of the Nuclear force 

Modern high precision 
NN forces (90’s-)

Taketani et al.(1951)

Repulsive core
III

� One-pion exchange
Yukawa (1935)

�repulsive
core

� Repulsive core
Jastrow  (1951)

��������...

� Multi-pions
Taketani et al.
(1951)

Key features of the Nuclear force 

Modern high precision 
NN forces (90’s-)

Jastrow(1951)



Potentials in QCD ?
What are “potentials”  in quantum field theories such as QCD ? 

“Potentials” themselves can NOT be directly measured. 
scheme dependent (unitary transformation)

experimental data of scattering phase shifts potentials, but not unique 

mid-range
attraction

mid-range
attraction

short-range 
repulsion

short-range 
repulsion

Nijmegen partial-wave analysis,
Stoks et al., Phys.Rev. C48 (1993) 792

NN interactions
critical inputs in nuclear physics

2S+1LJ

deuteronvirtual state

analogy: running coupling

useful to “understand” physics
analogy: asymptotic freedom

“Potentials” are useful tools to 
extract scattering phase shift. 

One may adopt a convenient 
definition for this purpose.  

Problem



1. Strategy



Our idea

Interaction  
range

No interaction Outside

Instead, we consider the inside region   
and extract information of interactions there.

We still consider the elastic scattering.



Our proposal 
Full details: Aoki, Hatsuda & Ishii, PTP123(2010)89.

Step 1

define (Equal-time) NBS Wave function

�k(r) = �0|N(x + r, 0)N(x, 0)|NN, Wk�

N(x) = "abcq
a
(x)q

b
(x)q

c
(x): local operator

!"#$%&"'(QCD)()*+,(-

./%01%!2345+,678

-

9:23;<!" QCD;<!"

“scheme”

QCD eigenstate

Wk  Wth = 2mN +m⇡



Step 2

ϵk =
k2

2µ
H0 =

−∇2

2µ
non-local potential

[�k �H0] �k(x) =
�

d3y U(x,y)�k(y) µ = mN/2
reduced mass

define non-local but energy-independent “potential” as 

We can construct a non-local but energy-independent potential easily as

(Formal) proof of “existence”

U(x,y) =
Wk,Wk��Wth�

k,k�

[�k �H0] �k(x)��1
k,k��

†
k�(y) ��1

k,k� : inverse of �k,k� = (�k, �k�)

inner product

Non-relativistic approximation is NOT used. We just take the specific (equal-time) 
frame.

For �Wp < Wth

Remark

By construction, U(x,y) gives the correct phase shift �l(k).

Z
d3y U(x,y)'p(y) =

X

k,k0

(✏k �H0)'k(x)⌘
�1
k,k0⌘k0,p = (✏p �H0)'p(x)

Wk  Wth



Step 2’

This does not fix the non-local potential uniquely due to the restriction of energies. 
We have to give the definition (scheme) of the potential explicitly. 

[�k �H0] �k(x) =
�

d3y U(x,y)�k(y) Wk  Wth

We here introduce a scheme to fix the potential completely using the derivative 
expansion.  

For simplicity, let us consider the scalar particles.

Of course, the scheme is not unique. One may use a different one.

• For simplicity, we explain the expansion in terms of r2
(without L2

).

• Terms with odd numbers of r are excluded. (This is our scheme).

• The potential must be non-hermitian in general.



Definition of the potential 

choice of energy

Wn
k := 2mN +

k

n
(Wth � 2mN ), k = 0, 1, · · · , n

2mN Wth

W k
0 W k

1 W k
2 · · · W k

n

approximated potential at the n-th order

V (n)(x,r) :=
nX

k=0

V (n)
k (x)(r2)k (L2

)

k
terms are ignored for simplicity.

Coe�cient functions V (n)
k (x) can be determined from

nX

k=0

V
(n)
k (x)(r2)k'pk(x) = (✏pk �H0)'pk(x) W k

n = 2
q

p2k +m2
N

0

BBBB@

'p0(x) r2'p0(x) · · · (r2)n'p0(x)
'p1(x) r2'p1(x) · · · (r2)n'p1(x)
· · · · · · · · · · · ·
· · · · · · · · · · · ·

'pn(x) r2'pn(x) · · · (r2)n'pn(x)

1

CCCCA

0

BBBBB@

V
(n)
0 (x)

V
(n)
1 (x)
·
·

V
(n)
n (x)

1

CCCCCA
=

0

BBBB@

(✏p0 �H0)'p0(x)
(✏p1 �H0)'p1(x)

·
·

(✏pn �H0)'pn(x)

1

CCCCA

a number of unknowns = a number of equations V (n)
k (x)

Def of potential V (x,r) := lim
n!1

V (n)(x,r) = lim
n!1

nX

k=0

V (n)
k (x)(r2)k

faithful to phase shifts



More generally
V (n)(x,r) =

k+lnX

k,l=0

V (n)
k,l (x)(r

2)k(L2)l

V (0)(x,r) = V (0)
0,0 (x)

V (1)(x,r) = V (1)
0,0 (x) + V (1)

1,0 (x)r2 + V (1)
0,1 (x)L

2

NN case (with spin)

V (x,∇) = V0(r) + Vσ(r)(σ1 · σ2) + VT (r)S12 + VLS(r)L · S + O(∇2)
LO LO LO NLO NNLO

tensor operator S12 =
3
r2

(σ1 · x)(σ2 · x) − (σ1 · σ2)

spins

V (2)(x,r) = V (2)
0,0 (x) + V (2)

1,0 (x)r2 + V (2)
0,1 (x)L

2 + V (2)
2,0 (x)(r2)2 + V (2)

1,1 (x)r2
L

2 + V (2)
0,2 (x)(L

2)2



We can check a size of errors of the LO in the expansion. (See later). 

Step 3 We approximate potential.  For example, at LO we have

VLO(x) =
[�k �H0]�k(x)

�k(x)

Step 4 solve the Schroedinger Eq. in the infinite volume with this potential.

phase shifts and binding energy below inelastic threshold.



In practice Take n = 1 with W 1
0 ' 2mN and W 1

1 ' Wth.

V LO(x) =
�H0'0(x)

'0(x)

V LO(x) =
(✏pth �H0)'pth(x)

'pth(x)

�0(p)

p

p0 = 0 pth

H = H0 + V
(1)
0 (r) + V

(1)
1 (r)r2

�0(p)

p

p0 = 0 pth

good approximation in physical interval



Demonstration

Separable potential U(~x, ~y) = wv(~x)v(~y) v(~x) = e

�µx

, x := |~x|

L=0 wave function

 

0
k

(x) =
e

i�(k)

kx


sin(kx+ �(k))� sin �(k)e�µx

✓
1 + x

µ

2 + k

2)

2µ

◆�

= C

e

i�(k)

kx

sin(kx+ �R(k))

x  R

x > R

R: IR cut-o↵

phase shift �R(k) is exactly calculable.

LO potential

NLO potential V NLO
0 (r) + V NLO

1 (r)r2

V LO
0 (r)

separable potential U(~x, ~y)

from k2 = 0 or k2 = µ2

highly non-local



LO at k2 = 0

NLO
exact

LO at k2 = µ2

NLO potential reproduces  
the exact phase shift 
rather well.

U(~x, ~y) = wv(~x)v(~y)

v(~x) = e

�µx

, x := |~x|



LO at k2 = 0

LO ERE ar k2 = 0

LO ERE ar k2 = µ2

LO at k2 = µ2

exact

NLO

NLO ERE

ERE =Effective Range 
Expansion

NLO potential is equally 
good to or even better 
than NLO ERE.

k cot(�0(k))



2. Nuclear potentials 



Extraction of NBS wave function

Potential

4-pt Correlation function

It is now clear that there is no unique definition for the NN potential. Ref. [18, 24, 25], however,
criticized that the NBS wave function is not ”the correct wave function for two nucleons” and that its
relation to the correct wave function is given by

ϕW (r) = ZNN(|r|)⟨0|T{N0(x + r, 0)N0(x, 0)}|2N, W, s1, s2⟩ + · · · (23)

where N0(x, t) is ”a free-field nucleon operator” and the ellipses denotes ”additional contributions from
the tower of states of the same global quantum numbers”. Thus ⟨0|T{N0(x+r, 0)N0(x, 0)}|2N,W, s1, s2⟩
is considered to be ”the correct wave function”. In this claim it is not clear what is ”a free-field nucleon
operator” in the interacting quantum field theory such as QCD. An asymptotic in or out field operator
may be a candidate. If the asymptotic field is used for N0, however, the potential defined from the
wave function identically vanishes for all r by construction. To be more fundamental, a concept of
”the correct wave function” is doubtful. If some wave function were ”correct”, the potential would be
uniquely defined from it. This clearly contradicts the fact discussed above that the potential is not an
observable and therefore is not unique. This argument shows that the criticism of Ref. [18, 24, 25] is
flawed.

3 Lattice formulation

In this section, we discuss the extraction of the NBS wave function from lattice QCD simulations. For
this purpose, we consider the correlation function on the lattice defined by

F (r, t − t0) = ⟨0|T{N(x + r, t)N(x, t)}J (t0)|0⟩ (24)

where J (t0) is the source operator which creates two nucleon state and its explicit form will be considered
later. By inserting the complete set and considering the baryon number conservation, we have

F (r, t − t0) = ⟨0|T{N(x + r, t)N(x, t)}
∑

n,s1,s2

|2N, Wn, s1, s2⟩⟨2N, Wn, s1, s2|J (t0)|0⟩

=
∑

n,s1,s2

An,s1,s2ϕ
Wn(r)e−Wn(t−t0), An,s1,s2 = ⟨2N,Wn, s1, s2|J (0)|0⟩. (25)

For a large time separation that (t − t0) → ∞, we have

lim
(t−t0)→∞

F (r, t − t0) = A0ϕ
W0(r)e−W0(t−t0) + O(e−Wn̸=0(t−t0)) (26)

where W0 is assumed to be the lowest energy of NN states. Since the source dependent term A0 is just
a multiplicative constant to the NBS wave function ϕW0(r), the potential defined from ϕW0(r) in our
procedure is manifestly source-independent. Therefore the statement that the potential in this scheme
is ”source-dependent” in Ref. [26] is clearly wrong.

In this extraction of the wave function, the ground state saturation for the correlation function F in
eq. (26) is important. In principle, one can achieve this by taking a large t − t0. In practice, however,
F becomes very noisy at large t − t0, so that the extraction of ϕW0 becomes difficult at large t − t0.
Therefore it is crucial to find the region of t where the ground state saturation is approximately satisfied
while the signal is still reasonably good. The choice of the source operator becomes important to have
such a good t-region.

before using the potential in nuclear physics.
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wall source for NN

complete set for NN
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where W0 is assumed to be the lowest energy of NN states. Since the source dependent term A0 is just
a multiplicative constant to the NBS wave function ϕW0(r), the potential defined from ϕW0(r) in our
procedure is manifestly source-independent. Therefore the statement that the potential in this scheme
is ”source-dependent” in Ref. [26] is clearly wrong.

In this extraction of the wave function, the ground state saturation for the correlation function F in
eq. (26) is important. In principle, one can achieve this by taking a large t − t0. In practice, however,
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NBS wave function

This method suffers the same problem of the direct method in the NN systems.

ground state saturation at large t

+ · · ·

Standard method
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It is now clear that there is no unique definition for the NN potential. Ref. [18, 24, 25], however,
criticized that the NBS wave function is not ”the correct wave function for two nucleons” and that its
relation to the correct wave function is given by

ϕW (r) = ZNN(|r|)⟨0|T{N0(x + r, 0)N0(x, 0)}|2N, W, s1, s2⟩ + · · · (23)

where N0(x, t) is ”a free-field nucleon operator” and the ellipses denotes ”additional contributions from
the tower of states of the same global quantum numbers”. Thus ⟨0|T{N0(x+r, 0)N0(x, 0)}|2N,W, s1, s2⟩
is considered to be ”the correct wave function”. In this claim it is not clear what is ”a free-field nucleon
operator” in the interacting quantum field theory such as QCD. An asymptotic in or out field operator
may be a candidate. If the asymptotic field is used for N0, however, the potential defined from the
wave function identically vanishes for all r by construction. To be more fundamental, a concept of
”the correct wave function” is doubtful. If some wave function were ”correct”, the potential would be
uniquely defined from it. This clearly contradicts the fact discussed above that the potential is not an
observable and therefore is not unique. This argument shows that the criticism of Ref. [18, 24, 25] is
flawed.

3 Lattice formulation

In this section, we discuss the extraction of the NBS wave function from lattice QCD simulations. For
this purpose, we consider the correlation function on the lattice defined by

F (r, t − t0) = ⟨0|T{N(x + r, t)N(x, t)}J (t0)|0⟩ (24)

where J (t0) is the source operator which creates two nucleon state and its explicit form will be considered
later. By inserting the complete set and considering the baryon number conservation, we have

F (r, t − t0) = ⟨0|T{N(x + r, t)N(x, t)}
∑

n,s1,s2

|2N, Wn, s1, s2⟩⟨2N, Wn, s1, s2|J (t0)|0⟩

=
∑

n,s1,s2

An,s1,s2ϕ
Wn(r)e−Wn(t−t0), An,s1,s2 = ⟨2N,Wn, s1, s2|J (0)|0⟩. (25)

For a large time separation that (t − t0) → ∞, we have

lim
(t−t0)→∞

F (r, t − t0) = A0ϕ
W0(r)e−W0(t−t0) + O(e−Wn̸=0(t−t0)) (26)

where W0 is assumed to be the lowest energy of NN states. Since the source dependent term A0 is just
a multiplicative constant to the NBS wave function ϕW0(r), the potential defined from ϕW0(r) in our
procedure is manifestly source-independent. Therefore the statement that the potential in this scheme
is ”source-dependent” in Ref. [26] is clearly wrong.

In this extraction of the wave function, the ground state saturation for the correlation function F in
eq. (26) is important. In principle, one can achieve this by taking a large t − t0. In practice, however,
F becomes very noisy at large t − t0, so that the extraction of ϕW0 becomes difficult at large t − t0.
Therefore it is crucial to find the region of t where the ground state saturation is approximately satisfied
while the signal is still reasonably good. The choice of the source operator becomes important to have
such a good t-region.

before using the potential in nuclear physics.

9



+ · · ·

Normalized 4-pt function
a sum of many NBS wave functions

· · ·

controlled by the same V

Improved method  for potentials

F (r, t� t0) =
X

n

An'
Wn(r)e�Wn(t�t0)

Ishii et al. (HALQCD), PLB712(2012) 437

∆Wn = Wn − 2mN =
k2

n

mN
− (∆Wn)2

4mN
show this

show this

time corr. time corr.space corr.

R(r, t) ⌘ F (r, t)/GN (t)2 =
X

n

An'
Wn(r)e��Wnt

V (x,r)'W0(x) = (EW0 �H0)'
W0(x)

V (x,r)'W1(x) = (EW1 �H0)'
W1(x)


k2
n

mN
�H0

�
'Wn = V · 'Wn

Wn = 2
q

m2
N + k2

n

� @

@t
R(r, t) =

⇢
H0 + V � 1

4mN

@2

@t2

�
R(r, t)
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3rd term(relativistic correction) is negligible. 

This method overcomes the previous difficulties, using both space and 
time correlations.
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excited state contributions become 
bigger in the larger volume
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[N.Ishii(et(al.,PLB712(2012)437.]�

“TimeAdependent”$SchrodingerAlike$equa=on�

time-dependent HAL QCD method 
makes this difficulty milder

�E � m�

remaining t-dependence of the potential

1. Inelastic contributions (including excited states of one baryon)

2. Higher order terms in the derivative expansion

R(r, t) = F (r, t)/GN (t)2



NN potential
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mπ ≃ 700 MeVa=0.09fm, L=2.9fm phenomenological potential

Qualitative features of NN potential are reproduced !
(1)attractions at medium and long distances  
(2)repulsion at short distance(repulsive core)

1S0
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1st paper: Ishii-Aoki-Hatsuda, PRL 90(2007)0022001
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NN potential phase shift
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Frequently Asked Questions

[Q1] Scheme/Operator dependence of the potential

• The potential depends on the definition of the wave function, in particular,  
on the choice of the nucleon operator N(x). (Scheme-dependence) 

• local operator -> manifest causality  

• a similar example: running coupling is scheme-dependent 

• Moreover, the potential itself is NOT a physical observable. Therefore it is 
NOT unique and is naturally scheme-dependent. 

• Observables: scattering phase shift of NN, binding energy of deuteron

QM: (wave function, potential) -> observables 
QFT: (asymptotic field, vertex)  -> observables 
EFT: (choice of field, vertex) -> observables



• Is the scheme-dependent potential useful ? Yes ! 

• useful to understand/describe physics 

• useful to extract signals (using all elastic states) 

• cf. running coupling: it is useful to understand the deep inelastic scattering 
data (asymptotic freedom) 

• “good” scheme ? 

• good convergence of the perturbative expansion for the running coupling 

• good convergence of the derivative expansion for the potential ? 

• local operator is found to be “good” (see later) 

• completely local and energy-independent one is the best (Inverse 
scattering method)



[Q2] Energy dependence of the potential

Non-local & Energy-independent Local & Energy-dependent 

[✏k �H0]'k(x) = Vk(x)'k(x)

non-locality is described in the derivative expansion (“our scheme”)

V (x,r) = V0(r) + V�(r)(�1 · �2) + VT (r)S12 + VLS(r)L · S+ {VD(r),r2}+ · · ·

[Q3] How good is the derivative expansion ?

Leading order VC(r) =
(✏k �H0)'k(x)

'k(x)

The local potential obtained at given energy may depend on its energy. 
If the energy dependence of the potential is weak, the LO potential is good.

numerical check in quenched QCD

[✏k �H0]'k(x) = V (x,r)'k(x)



If the higher order terms are large, LO potentials determined from NBS wave 
functions at different energy become different.(cf. LOC of ChPT).

Numerical check in quenched QCD mπ ≃ 0.53 GeVa=0.137fm, L=4.0 fm

K. Murano, N. Ishii, S. Aoki, T. Hatsuda 
PTP 125 (2011)1225.

������PBC    (E�0 MeV)         ������������������������APBC  (E�46 MeV)�

potentials

NBS wave functions

Convergence of velocity expansion 1



(16)�)0�#)) �%,�-$!� !+%/�-%/!�!1*�(,%)(�����)(-� �
������

����.+�()��--%�!���
�

*$�,!�,$%"-,�"+)'�*)-!(-%�&,

�����	��!� ������

� �"�!!���'�&�%�#�-��(�'�$&(���'(�#�����&��!!-�'"�!!�

� ��(������#��()#�#��$�����$&������(+$�%��'��'���('���&���
� ��&�*�(�*���,%�#'�$#�+$& '�

�����&���&�*�(�*���$#(&��)(�$#��'�'"�!!

� ����!$��!�%$(�#(��!��'�*�!����#�(����#�&�-�&���$#���
���	�����

)(
)()()( 0

x
xHErV

E

E
C �

�

�
��

�Higher order terms turn out to be very 
small at low energy in our scheme.

Note: convergence of the velocity expansion 
can be checked within this method. 
(in contrast to  convergence of ChPT, 
convergence of perturbative QCD)

�0(�k � 0) �0(�k � 92MeV)
exactexact

�0(�k � 92MeV)

approx.
�0(�k � 0)

approx.

Note: Old method.



3. Tensor potential 



Tensor potential

L = 0, P = +
1

2
⌦ 1

2
= 1� 0spin 2S+1LJ

3S1 � 1S0

[H0 + VC(r) + VT (r)S12]'k(x, 1
+) = ✏k'k(x, 1

+)JP = 1+ channel

3S1 and

3D1 mix through the tensor force

'k(x, 1
+) = P'k(x, 1

+) +Q'k(x, 1
+)

P'k(x, 1
+) = P (A1)'k(x, 1

+)

Q'k(x, 1
+) = (1� P (A1))'k(x, 1

+)

“projection” to L=0

“projection” to L=2

3S1

3D1

H0[P k](x) + VC(r)[P k](x) + VT (r)[PS12 k](x) = ✏k[P k](x)

H0[Q k](x) + VC(r)[Q k](x) + VT (r)[QS12 k](x) = ✏k[Q k](x)

More on NN



NBS wave function
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Tensor potential

•no repulsive core in the 
tensor potential. 

• the tensor potential is 
enhanced in full QCD

VT
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Figure 8: (Left) The spin-triplet central potential VC(r)(1,0) obtained from the orbital A+
1 −T+

2 coupled
channel in quenched QCD at mπ ≃ 529 MeV. (Right) The tensor potential VT (r) from the orbital
A+

1 − T+
2 coupled channel. For these two figures, symbols are same as in Fig. 7(Left). Taken from

Ref. [30].
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Figure 9: (Left) 2+1 flavor QCD results for the central potential and tensor potentials at mπ ≃ 701
MeV. (Right) Quenched results for the same potentials at mπ ≃ 731 MeV. Taken from Ref. [33].

4.4 Full QCD results

Needless to say, it is important to repeat calculations of NN potentials in full QCD on larger volumes
at lighter pion masses. The PACS-CS collaboration is performing 2 + 1 flavor QD simulations, which
cover the physical pion mass[31, 32]. Gauge configurations are generated with the Iwasaki gauge action
and non-perturbatively O(a)-improved Wilson quark action on a 323 × 64 lattice. The lattice spacing a
is determined from mπ, mK and mΩ as a ≃ 0.091 fm, leading to L ≃ 2.9 fm. Three ensembles of gauge
configurations are used to calculate NN potentials at (mπ,mN) ≃(701 MeV, 1583 MeV), (570 MeV,
1412 MeV) and (411 MeV,1215 MeV )[33] .

Fig. 9(Left) shows the NN local potentials obtained from the PACS-CS configurations at E ≃ 0
and mπ = 701 MeV, which is compared with the previous quenched results at comparable pion mass
mπ ≃ 731 MeV but at a ≃ 0.137 fm, given in Fig. 9(Right). Both the repulsive core at short distance
and the tensor potential become significantly enhanced in full QCD. The attraction at medium distance
tends to be shifted to outer region, while its magnitude remains almost unchanged. These differences
may be caused by dynamical quark effects. For more definite conclusion on this point, a more controlled

19

full QCD quenched QCD

a ≃ 0.091 fm a ≃ 0.137 fmL ≃ 2.9 fm L ≃ 4.4 fm



Tensor potential

•no repulsive core in the 
tensor potential. 

• the tensor potential is 
enhanced in full QCD

VT

!"#$% &'()*+,

! Nconf=1000

! time-slice: t-t0=6

! m-=0.53 GeV, m.=0.88 GeV, mN=1.34 GeV

from

R.Machleidt,

Adv.Nucl.Phys.19

The wave function

!/%0123456789:;<=>?@AB%C

! deuteronDEF1GHIJK9LM9NO=>?C

!PQ9KLMNRST6!"#$%9ABSsingle

particle spectrum(UVWXYZ[$)\]^_56`ab
c=d]^\'eHfg<\hije5kHC

! centrifugal barrier9lF6QmnSopqrs\t=u
u6v;<\Uw=xykC
(0z(9{|=}k5j~d�ÄÅH)

 0

 200

 400

 600

 0  1  2

(S
=1

) V
c(

r)
[M

eV
]

r[fm]

45[MeV]
0[MeV]

-50

 0

 50

 0  1  2

-50

 0

 50

 0  1  2

V
T(

r)
[M

eV
]

r[fm]

VT 45[MeV]
VT 0MeV]

Figure 8: (Left) The spin-triplet central potential VC(r)(1,0) obtained from the orbital A+
1 −T+

2 coupled
channel in quenched QCD at mπ ≃ 529 MeV. (Right) The tensor potential VT (r) from the orbital
A+

1 − T+
2 coupled channel. For these two figures, symbols are same as in Fig. 7(Left). Taken from

Ref. [30].

 0

 500

 1000

 1500

 2000

 2500

 3000

 3500

0.0 0.5 1.0 1.5 2.0 2.5

V
(r

) [
M

eV
]

r [fm]

(a)

-100

-50

 0

 50

 100

0.0 0.5 1.0 1.5 2.0 2.5

2+1 flavor QCD result

mπ=701 MeV

VC(r) [1S0]
VC(r) [3S1]
VT(r)        

 0

 100

 200

 300

0.0 0.5 1.0 1.5 2.0 2.5

V
(r

) [
M

eV
]

r [fm]

(b)

-50

 0

 50

 100

0.0 0.5 1.0 1.5 2.0 2.5

Quenched QCD result

mπ=731 MeV

VC(r) [1S0]
VC(r) [3S1]
VT(r)        

Figure 9: (Left) 2+1 flavor QCD results for the central potential and tensor potentials at mπ ≃ 701
MeV. (Right) Quenched results for the same potentials at mπ ≃ 731 MeV. Taken from Ref. [33].

4.4 Full QCD results

Needless to say, it is important to repeat calculations of NN potentials in full QCD on larger volumes
at lighter pion masses. The PACS-CS collaboration is performing 2 + 1 flavor QD simulations, which
cover the physical pion mass[31, 32]. Gauge configurations are generated with the Iwasaki gauge action
and non-perturbatively O(a)-improved Wilson quark action on a 323 × 64 lattice. The lattice spacing a
is determined from mπ, mK and mΩ as a ≃ 0.091 fm, leading to L ≃ 2.9 fm. Three ensembles of gauge
configurations are used to calculate NN potentials at (mπ,mN) ≃(701 MeV, 1583 MeV), (570 MeV,
1412 MeV) and (411 MeV,1215 MeV )[33] .

Fig. 9(Left) shows the NN local potentials obtained from the PACS-CS configurations at E ≃ 0
and mπ = 701 MeV, which is compared with the previous quenched results at comparable pion mass
mπ ≃ 731 MeV but at a ≃ 0.137 fm, given in Fig. 9(Right). Both the repulsive core at short distance
and the tensor potential become significantly enhanced in full QCD. The attraction at medium distance
tends to be shifted to outer region, while its magnitude remains almost unchanged. These differences
may be caused by dynamical quark effects. For more definite conclusion on this point, a more controlled
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2+1)flavor)QCD)results)of)nuclear)forces)by)“.me'dependent”)method�

!  quark(mass(dependence�


�

With(decreasing(m(pion),(
(
$  Repulsive(core(grows(
$  A?rac7ve(pocket(grows(
$  Tensor(force(is(enhanced�

•the tensor potential increases as the pion mass decreases. 

•manifestation of one-pion-exchange ?

Quark mass dependence (full QCD)



4. Repulsive core 



Repulsive Core
Importance of Repulsive core

stability of matters

Nucleus

Nucleus collapses without repulsive core !

explosion of type II supernova 

gravitational collapse 
bounds due to RC

ignition of explosion

Maximum mass of neutron stars
Nuclear Force and Neutron Star 

��max � ��0)

PSR1913+16

Neutron star binary

Pressure balance  

gravity
Repulsive core

Fermi pressure

Oppenheimer-Volkov(1939)

NN

NNN

sustains neutron stars against 
gravitational collapse



Origin of the repulsive core ?

quarks are “fermions” two can not occupy the same position. (Pauli principle)

 they have 3 colors(red, blue, green),  2 spin(          ), 2 flavors(up, down)� �

!"#$%&'()*$+++$(,$(-.)%/0*/$1

1. Matter(nuclei) cannot be stable without the “repulsive core (RC)”.

2. Neutron star & supernova explosion cannot exist without the “RC”. 

3. QCD description should be essential for the “RC”.

4. SU(3) ? (NN ! YN ! YY) ! basis of hypernuclear physics @ J-PARC

23&,/()*,

1. What is the physical origin of the repulsion ?

2. The repulsive core is universal or channel dependent  ?

Note: RC is not related to Pauli principle

+6 quark can occupy the same position

u u ud d u� �� � ��

p� p�

but allowed color combinations are limited + interaction among quarks

repulsive core ?



What happen if strange quark is added ?

�(uds) - �(uds) interaction

u ud d ss� � �� ��

all color combinations are allowed

no repulsive core ?



mu = md = ms

Baryon potential in the flavor SU(3) limit

BB interactions
in a SU(3) symmetric world x

Six independent potentials in flavor-basis 

1. First step to predict YN, YY interactions not accessible in exp. 
2. Origin of the repulsive core (universal or not) 

two octet baryons

6 independent potentials in flavor-basis

Anti-symmetricSymmetric

V (27)(r), V (8s)(r), V (1)(r)

V (10)(r), V (10)(r), V (8a)(r)

8⌦ 8 = 27� 8s � 1� 10� 10� 8a

BB interactions
in a SU(3) symmetric world x

Six independent potentials in flavor-basis 

1. First step to predict YN, YY interactions not accessible in exp. 
2. Origin of the repulsive core (universal or not) 



!4

udd uud

uusdds

sds sus

uds

n p

Σ+Σ0, ΛΣ-

Ξ- Ξ0

ddd dud uud uuu

sss

dds uus

sds sus

Δ- Δ0 Δ+ Δ++

Σ*+Σ*- uds
Σ*0

Ξ*- Ξ*0

Ω-

Octet(S=1/2) Decuplet(S=3/2)

In decuplet baryons, only Ω is stable under strong decay.
In the case of heavier pion mass, Delta baryons 
become stable. Δ

p+ +  π+ Δ
p+ +  π+heavy pion

Our lattice simulation  
ΔΔ =>  heavy pion 
ΩΩ =>      phys. pt. 
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Inoue et al. (HAL QCD Coll.), Progress of  Theoretical Physics 124(2010)591 

Indeed, attractive instead of 
repulsive core appears.

This suggests that “Pauli principle among quarks” is important for the repulsive 
core. 

Force is attractive at all distances.  Bound state ?

Lattice QCD in the flavor SU(3) limit

m⇡ ' 470 MeV

a ' 0.12 fm



Attractive potential  
in the flavor singlet channel  

possibility of a bound state (H-dibaryon)

ΛΛ − NΞ − ΣΣ
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An H-dibaryon exists in the flavor SU(3) limit. 
Binding energy = 25-50 MeV at this range of quark mass. 
A mild quark mass dependence.

Real world ?
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L ≃ 4 fm, mπ ≃ 470 MeV

same as NN 8s: strong repulsive core. repulsion only.
1: attractive instead of repulsive 
core ! attraction only . H-dibaryon.

same as NN 10: strong repulsive core. weak attraction.
8a: weak repulsive core.  
strong attraction.

Flavor dependences of BB interactions become manifest in SU(3) limit !

Other channels



IV. A comparison between  
two methods

If pion were heavier, would deuteron exist ?



 Direct method vs Potential method 
NN @ heavy pions

Potential method (HAL):                         unbound 
Direct method (PACS-CS/NPL/CalLat):  bund

Direct method vs HAL method 
(NN @ heavy quark masses) 

HAL method (HAL) :                                                                 unbound 
Direct method (PACS-CS (Yamazaki et al.)/NPL/CalLat):    bound 

“di-neutron” “deuteron” 

NPL 

HAL 

PACS-CS 

CalLat 
NPL 
PACS-CS 

CalLat 

Direct 

We must understand an origin of the difference, and resolve the discrepancy.



GNN (t) = hN(t)N(t)N̄(0)N̄(0)i = Z0e
�E0t + Z1e

�E1t + · · · ! Z0e
�E0t, t ! 1

Excitation energy
finite volume energy for scattering state ' 1

mN

(2⇡)2

L2

• Excitation energy ~ binding energy or finite V effect  
 

 
 
 
 
 
 

 

 

 
Elastic 

       

 
Inelastic 

NNπ 

NN 

Physical Mπ 
L=8fm 

Mπ=0.5 GeV 
L=3fm 

Mπ=0.3 GeV 
L=6fm 

10-13 10-25 10-4 

(simple) 

System w/o Gap 

New Challenge for multi-body systems 
30 

(For both of Direct method / (old) HAL method) 

Challenges in multi-baryons on the lattice 

(very small) 

E1 � E0 ' 50 MeV at L = 4 fm

t � 1/(E1 � E0) ' 4 fm is needed to suppress excited states.

NN systems
Two nucleon correlation function

Large time separation is very difficult due to the bad signal-to-noise ratio.

S

N
:=

hN2
(t) ¯N2

(t)ip
h|N2

(t) ¯N2
(t)|2i

⇠ exp[�(2mN � 3m⇡)t]



1. Reliability of the direct method



1-1. Operator dependences

T. Iritani et al. (HAL QCD), JHEP1610(2016)101 (arXiv:1607.06371)



CN (t) = h0|JN
sink(t)J

N
src(0)|0i ⇠ e�mN t

CNN (t) = h0|JNN
sink (t)J

NN
src (0)|0i ⇠ e�ENN t

NN

t=0t=t

N

N

N

N

sourcesink

R(t) =
CNN (t)

CN (t)2
' e��ENN (t), �ENN ⌘ ENN � 2mN

Correct results should be independent of sink/source operators.



Lattice Setup: Wall Source and Smeared Source
! ΞΞ interaction from both direct and HAL QCD methods

! CHECK 2 quark sources — mixture of excited states are different

wall source
standard of HAL QCD

smeared source
standard of direct method†

WALL SOURCE SMEARED SOURCE

SINK SINK

" setup — 2 + 1 improved Wilson + Iwasaki gauge†

• lattice spacing: a = 0.08995(40) fm, a−1 = 2.194(10) GeV
• lattice volume: 323 × 48, 403 × 48, 483 × 48, and 643 × 64

mπ = 0.51 GeV, mN = 1.32 GeV, mK = 0.62 GeV, mΞ = 1.46 GeV

† Yamazaki-Ishikawa-Kuramashi-Ukawa, arXiv:1207.4277. 7 / 16

quark wall source vs quark smeared source

�

y

q(y, t0)
�

y

e�B|x0�y|q(y, t0)

Source operator dependence

2+1 flavor QCD a = 0.09 fm (a�1 = 2.2 GeV)

m⇡ = 510 MeV,mN = 1320 MeV

6 quarks

with Coulomb gauge-fixing 

JNN
sink =

X

x,y

N(x, t)N(y, t) point sink



Lattice Setup: Wall Source and Smeared Source
! ΞΞ interaction from both direct and HAL QCD methods

! CHECK 2 quark sources — mixture of excited states are different

wall source
standard of HAL QCD

smeared source
standard of direct method†

WALL SOURCE SMEARED SOURCE

SINK SINK

" setup — 2 + 1 improved Wilson + Iwasaki gauge†

• lattice spacing: a = 0.08995(40) fm, a−1 = 2.194(10) GeV
• lattice volume: 323 × 48, 403 × 48, 483 × 48, and 643 × 64

mπ = 0.51 GeV, mN = 1.32 GeV, mK = 0.62 GeV, mΞ = 1.46 GeV

† Yamazaki-Ishikawa-Kuramashi-Ukawa, arXiv:1207.4277. 7 / 16

��(1S0)

NN(1S0)

Source operator dependent plateaux !

Something must be wrong.



Sink operator dependence
G(t� t0) =

X

x,y

g(|x� y|)hO(x, t)O(y, t)JOO(t0)i g(r) = 1 +A exp(�Br)

Smeared source Wall source

The plateaux of the smeared source are 
sensitive to the sink operator. The wall source is insensitive.

The plateaux from the smeared source are affected by excited states.

Jsink(t)
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FIG. 10. Summary of our results for the binding energy of
the H dibaryon. Green and blue colors refer to the SU(3)-
symmetric and broken cases, respectively. Full circles and
open diamonds represent results obtained in the rest frame us-
ing point sources and distillation, respectively. Crosses denote
estimates for the binding energy extracted from the finite-
volume analysis of results in di↵erent frames as described in
Section IV.

E5: �E = 18.8 ± 5.5 MeV, m⇡ = 440MeV. (23)

In addition, we have applied Lüscher’s finite-volume
quantization condition to determine the scattering phase
shift, which we use to obtain a more reliable estimate of
the binding energy. Including data from the rest frame as
well as several moving frames in the finite-volume analy-
sis of the singlet case results in a shallower binding energy
compared to the näıve estimate, viz.

E1: �E = 19 ± 10 MeV, m⇡ = 960MeV. (24)

Repeating the analysis for the SU(3) 27-plet is made more
di�cult through the relative closeness of the energy levels
to the non-interacting levels, and the same is true in the
case of broken SU(3)-flavor symmetry. We expect the
situation to improve in our ongoing work, since we will
obtain more precise results by also using distillation in
the moving frames.

In Figure 10 we show a compilation of our results for
the binding energy on all our ensembles, plotted against
the pion mass. The comparison with the estimates of
the NPLQCD [14, 18, 20] and HAL QCD [22, 23] collab-
orations is made in Figure 11. In the SU(3)-symmetric
case we find that our estimate is considerably smaller
than the result quoted by NPLQCD at a similar value
of the pion mass [18]. Potentially, uncontrolled system-
atics such as the incorrect identification of the plateau,
quenching of the strange quark or finite-volume e↵ects
could be the source of this discrepancy. In particular, re-
calling that finite-volume e↵ects are asymptotically sup-
pressed as e�L, where  is the binding momentum,
the näıve estimates of the binding energy in Eqs. (22)

-20

0

20

40

60

80

0 200 400 600 800 1000 1200

�
E

[M
eV

]

m⇡ [MeV]

This work, distillation
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FIG. 11. Comparison of our results in Eqs. (22)–(24) to the
estimates quoted by NPLQCD [14, 18, 20] and HAL QCD
[22, 23]. Green and blue symbols refer to the SU(3)-symmetric
and broken cases, respectively.

and (23) may not be very reliable, given that L eval-
uates to 2.99(8) for E1 and 1.74(25) for E5. We will
address these issues in a future publication based on en-
sembles with Nf = 2 + 1 flavors of dynamical quarks.

Our findings suggest that the combination of distil-
lation and Lüscher’s finite-volume formalism will allow
for a considerably improved calculation of the binding
energy. Thus, there are good prospects for a reliable de-
termination of this quantity at the physical point.
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Binding energy of H dibaryon

A. Francis et al. , “Lattice QCD study of the H dibaryon using hexaquark and two-baryon 
interpolators” , arXiv:1805.03966

discrepancy operator  
dependence ?



1-2. Normality check

T. Iritani et al. (HAL QCD), PRD96 (2017)034521 (arXiv:1703.07210)



The operator dependence is a sign of the pseudo-plateau, but an extra work is 
required for the check.  We need a simpler method to see a sign of the problem.

 Finite volume formula

�E = 2
q
k2 +m2

N � 2mN , q =
kL

2⇡
k cot �(k) =

1

⇡L

X

~n2Z3

1

~n2 � q2

unbound bound

Effective Range Expansion (ERE) k cot �(k) =
1

a
+

1

2

rk2 + · · ·

intercept

slo
pe

Finite volume test



Normality check
(i) Consistency: k cot �(k) must be consistent between k2 < 0 and k2 > 0.

a singular behavior requires a reasonable explanation.

(iii) physical pole condition: k cot �(k) must satisfy

d

d k2

h
k cot �(k)� (�

p
�k2)

i����
k2=�2

b

< 0

bound state condition

physical unphysical

It is necessary but not sufficient to pass the normality check.
Data may not be correct even if they pass the check.

(ii) non-singular behavior: k cot �(k) should be non-singular.



(ii)singular behaviors 

YIKU2012(PRD86(2012)074514)
m⇡ = 0.51 GeV, L = 2.9� 5.8 fm

We have already seen operator dependences 
on these data. 

smeared

smeared

Pseudo-plateaux



NPL 2012 (PRD85(2012)054511) Nf = 2 + 1, m⇡ ' 390 MeV, as ' 0.12(aniso) fm

(ii)singular
(ii)singular 
(iii)unphysical

Similar behaviors Pseudo-plateaux ?



NPL2013 (PRC88(2013)024003) CalLat2017 (PLB765(2017)285)

one bound state

Nf = 3, m⇡ ' 810 MeV, a ' 0.15 fm

two bound states?

d(displaced)

N N

operator dependence ?d = 0 d = 0, d 6= 0

Same gauge configurations



correct analysis 

ERE line crosses the bound state condition twice.

unphysical
If there were indeed two bound states, 

A similar problem in other channel.

NPL2017(arXiv:1706.06550)k⇤2 [l.u.]
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d = (0, 0, 2)

243 ⇥ 48 : stat.+syst. 68% C.I.

323 ⇥ 48 : stat.+syst. 68% C.I.

483 ⇥ 64 : stat.+syst. 68% C.I.

Two-parameter ERE: stat.

Two-parameter ERE: stat.+syst.

Three-parameter ERE: stat.+syst.

Three-parameter ERE: stat.

243 ⇥ 48 : stat. 68% C.I.

323 ⇥ 48 : stat. 68% C.I.

483 ⇥ 64 : stat. 68% C.I.

k
⇤
c
o
t
�(

8
A
)
[
l
.
u
.
]

�
p
�k⇤2

An extra remark

explain why



Conclusion

Naive plateau fitting at small t in the direct method is unreliable.

Potential method ?



2. Reliability of the potential method

T. Iritani et al. (HAL QCD), PRD99(2019) 04514(arXiv:1805.02365[hep-lat]).



R correlator

��(1S0)

HAL: Wave Function and ΞΞ(1S0) Potential Vc(r⃗)
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contributions from excited states



HAL: Wave Function and ΞΞ(1S0) Potential Vc(r⃗)
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LO Potential

Vc(r) = �H0R

R
� (�/�t)R

R
+

(�/�t)2R
4mR

wall smeared

time-dependent HAL method works well

O(100) MeV cancellation



Effective LO — Veff

small difference

Small difference LO + NNLO potential ?



Phase shift at LO analysis

fit function
c0e

�c1r
2

+ c2e
�c3r

2

+ c4(1� e�c5r
2

)2(e�c6r/r)2

a0m⇡ =

(
3.7(3) wall

6.6(2) smear

Phase shift of Veff

src. dep

some source dependence is observed in phase shifts.



X = Wall, Smear

= V N2LO
0 (r) + V N2LO

2

r2RX(r, t)

RX(r, t)

NNLO potentials

V LO
X (r, t) =

1

4m

@2

@t2R
X(r, t)

RX(r, t)
�

@
@tR

X(r, t)

RX(r, t)
� H0R

X(r, t)

RX(r, t)

V N2LO
0 (r) =

V LO
S (r, t)RS(r, t)r2RW (r, t)� V LO

W (r, t)RW (r, t)r2RS(r, t)

RS(r, t)r2RW (r, t)�RW (r, t)r2RS(r, t)

V N2LO
2 (r) =

{V LO
W (r, t)� V LO

S (r, t)}RW (r, t)RS(r, t)

RS(r, t)r2RW (r, t)�RW (r, t)r2RS(r, t)

derive this



V N2LO
0 (r) m2

⇡V
N2LO
2 (r)

NNLO correction is short-ranged.V N2LO
0 ' V LO

0



Phase shift at NNLO analysis

NNLO correction appears at high momentum.

Derivative expansion at NNLO works well at low energies. 
LO approximation from the wall source also works rather well.



3. Anatomy of excited state 
contaminations in the direct method

T. Iritani et al. (HAL QCD), JHEP 1903(2019) 007(arXiv:1812.08539[hep-lat]).



Understand the origin of “pseudo-plateaux” 

Eigen-wave functions 

NBS correlator R(r,t) 

smeared 

wall 
Decompose NBS correlator  

to each eigenstates 

Solve Schrodinger eq. 
in Finite V 

Eigen-energies 

Potential 
wall t=15 
wall t=13 
wall t=11 

Decomposition of NBS correlator via eigenfunctions 



Decomposition of R-correlator via eigenfunctions 

an =
X

x

 †
n(~x)R(x, t)e�Ent

large overlap to 
the ground state

sizable excited 
state contributions

R(x, t) =
X

n

an n(x)e
��Ent



Decomposition of temporal correlation function 

R(t) :=
X

x

R(x, t) =
X

x

X

n

an (x)e
��Ent =

X

n

bne
��Ent bn :=

X

x

an (x)

contaminations are smaller than 
1 % or less.

contamination from the 1st excited 
state is as large as 10 %.



Reconstruction of the effective energy shift

�Ee↵(t, t0) =
1

a
log

 P
n bn(t0)e

��En(t0)t

P
n bn(t0)e

��En(t0)(t+a)

�

t0 = 13a t0 = 13a

data are reasonably reproduced.



Reconstruction of the effective energy shift

�Ee↵(t, t0) =
1

a
log

 P
n bn(t0)e

��En(t0)t

P
n bn(t0)e

��En(t0)(t+a)

�

t0 = 13a t0 = 13a

data are reasonably reproduced.



Reconstruction of the effective energy shift

�Ee↵(t, t0) =
1

a
log

 P
n bn(t0)e

��En(t0)t

P
n bn(t0)e

��En(t0)(t+a)

�

t0 = 13a t0 = 13a

data are reasonably reproduced.
The smeared source requires t ' 100a
to reach the correct plateau.



4. Consistency between two methods

T. Iritani et al. (HAL QCD), JHEP 1903(2019) 007(arXiv:1812.08539[hep-lat]).



• HAL method Î HAL pot Î 2-body wave func. @ finite V 

• 2-body wave func. Î optimized operator 
– Applicable for sink and/or src op :  Here we apply for sink op 

• While utilizing info by HAL, formulation is Luscher’s method 
 

Operator optimized for 2-body system by HAL 

wave func. ψ(r) 
HAL-optimized sink op 

ground state 

1st excited state 

Optimized operators by eigen-functions in the potential method



Effective energy shift from the optimized operator

Ground state

Energies of not only the ground state but also the 1st excited states can 
be obtained from one R-correlator without the variational method.

Statistical errors for the 1st excited state is larger for the wall source, 
whose overlap to the 1st excited state is small (1%).

1st excited state



Conclusion

Potential method (HAL):                                   unbound 
Direct method (PACS-CS/NPL/CalLat):             bund ? 
Improved calc by Luescher’s method (Mainz): unbound

 NN @ heavy pions

Potential method = finite volume method with proper projection  
                             = Direct method with naive plateau fitting

 Necessary procedure in the finite volume method

Variational method to identify each ground/excited state.



V. Applications to nuclear 
physics



V (x,∇) = V0(r) + Vσ(r)(σ1 · σ2) + VT (r)S12 + VLS(r)L · S + O(∇2)
LS force

More structures of nuclear potential 

LS force 
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P-wave



Three nuclear force (3NF)
V3N(x1 � x3,x2 � x3) =

�

i<j

V2N(xi � xj) + V3NF(x1 � x3,x2 � x3)

2-body potential 3-body potential 

Doi et al. (HAL QCD), PTP 127 (2012) 723
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Figure 24: (Left) The wave function with linear setup in the triton channel. Red, blue, brown points
correspond to ϕS, ϕM , ϕ3D1 , respectively. (Right) The scalar/isoscalar TNF in the triton channel,
plotted against the distance r = |r12/2| in the linear setup. Taken from Ref. [58].

the TNF can be extracted unambiguously in this channel, without the information of parity-odd 2N
potentials.

Same gauge configurations used for the effective 2N potential study are employed in the numerical
simulations. Fig. 24(Left) gives each wave function of ϕS = 1√

2
(−ψ1S0 +ψ3S1), ϕM ≡ 1√

2
(+ψ1S0 +ψ3S1),

ψ3D1 as a function of r = |r12/2| in the triton channel at t − t0 = 8. Among three ϕS dominates the
wave function, since ϕS contains the component for which all three nucleons are in S-wave.

By subtracting the V2N from the total potentials in the 3N system, the TNF is detemined. Fig. 24
(Right) shows results for the scalar/isoscalar TNF, where the r-independent shift by energies is not
included, and thus about O(10) MeV systematic error is understood. There are various physical im-
plications in Fig. 24 (Right). At the long distance region of r, the TNF is small as is expected. At
the short distance region, the indication of the repulsive TNF is observed. Recalling that the repulsive
short-range TNF is phenomenologically required to explain the saturation density of nuclear matter,
etc., this is very encouraging result. Of course, further study is necessary to confirm this result, e.g., the
study of the ground state saturation, the evaluation of the constant shift by energies, the examination
of the discretization error.

8.2 Meson-baryon interactions

The potential method can be naturally extended to the meson-baryon systems and the meson-meson
systems. In this subsection, two applications of the potential method to the meson-baryon system are
discussed.

The first application is the study of the KN interaction in the I(JP ) = 0(1/2−) and 1(1/2−)
channels in the potential method. These channels may be relevant for the possible exotic state Θ+,
whose existence is still controversial.

The KN potentials in isospin I = 0 and I = 1 channels have been calculated in 2 + 1 full
QCD simulations, employing 700 gauge configurations on a 163 × 32 lattice at a = 0.121(1) fm and
(mπ,mK ,mN) = (871(1), 912(2), 1796(7)) in unit of MeV[60].

Fig. 25 shows the NBS wave functions of the KN scatterings in the I = 0 (left) and I = 1 (right)
channels. The large r behavior of the NBS wave functions in both channels do not show a sign of bound
state, though more detailed analysis is needed with larger volumes for a definite conclusion. On the
other hand, the small r behavior of the NBS wave functions suggests the repulsive interaction at short

43

-1e-39
 0

 1e-39
 2e-39
 3e-39
 4e-39
 5e-39
 6e-39
 7e-39
 8e-39
 9e-39

 0  0.5  1

N
B

S
 w

av
e 

fu
nc

tio
n

r [fm]

-50
-40
-30
-20
-10

 0
 10
 20
 30
 40
 50

 0  0.5  1

V
TN

F 
[M

eV
]

r [fm]

Figure 24: (Left) The wave function with linear setup in the triton channel. Red, blue, brown points
correspond to ϕS, ϕM , ϕ3D1 , respectively. (Right) The scalar/isoscalar TNF in the triton channel,
plotted against the distance r = |r12/2| in the linear setup. Taken from Ref. [58].

the TNF can be extracted unambiguously in this channel, without the information of parity-odd 2N
potentials.

Same gauge configurations used for the effective 2N potential study are employed in the numerical
simulations. Fig. 24(Left) gives each wave function of ϕS = 1√

2
(−ψ1S0 +ψ3S1), ϕM ≡ 1√

2
(+ψ1S0 +ψ3S1),

ψ3D1 as a function of r = |r12/2| in the triton channel at t − t0 = 8. Among three ϕS dominates the
wave function, since ϕS contains the component for which all three nucleons are in S-wave.

By subtracting the V2N from the total potentials in the 3N system, the TNF is detemined. Fig. 24
(Right) shows results for the scalar/isoscalar TNF, where the r-independent shift by energies is not
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wave function, since ϕS contains the component for which all three nucleons are in S-wave.

By subtracting the V2N from the total potentials in the 3N system, the TNF is detemined. Fig. 24
(Right) shows results for the scalar/isoscalar TNF, where the r-independent shift by energies is not
included, and thus about O(10) MeV systematic error is understood. There are various physical im-
plications in Fig. 24 (Right). At the long distance region of r, the TNF is small as is expected. At
the short distance region, the indication of the repulsive TNF is observed. Recalling that the repulsive
short-range TNF is phenomenologically required to explain the saturation density of nuclear matter,
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ψ3D1 as a function of r = |r12/2| in the triton channel at t − t0 = 8. Among three ϕS dominates the
wave function, since ϕS contains the component for which all three nucleons are in S-wave.

By subtracting the V2N from the total potentials in the 3N system, the TNF is detemined. Fig. 24
(Right) shows results for the scalar/isoscalar TNF, where the r-independent shift by energies is not
included, and thus about O(10) MeV systematic error is understood. There are various physical im-
plications in Fig. 24 (Right). At the long distance region of r, the TNF is small as is expected. At
the short distance region, the indication of the repulsive TNF is observed. Recalling that the repulsive
short-range TNF is phenomenologically required to explain the saturation density of nuclear matter,
etc., this is very encouraging result. Of course, further study is necessary to confirm this result, e.g., the
study of the ground state saturation, the evaluation of the constant shift by energies, the examination
of the discretization error.
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The potential method can be naturally extended to the meson-baryon systems and the meson-meson
systems. In this subsection, two applications of the potential method to the meson-baryon system are
discussed.

The first application is the study of the KN interaction in the I(JP ) = 0(1/2−) and 1(1/2−)
channels in the potential method. These channels may be relevant for the possible exotic state Θ+,
whose existence is still controversial.

The KN potentials in isospin I = 0 and I = 1 channels have been calculated in 2 + 1 full
QCD simulations, employing 700 gauge configurations on a 163 × 32 lattice at a = 0.121(1) fm and
(mπ,mK ,mN) = (871(1), 912(2), 1796(7)) in unit of MeV[60].

Fig. 25 shows the NBS wave functions of the KN scatterings in the I = 0 (left) and I = 1 (right)
channels. The large r behavior of the NBS wave functions in both channels do not show a sign of bound
state, though more detailed analysis is needed with larger volumes for a definite conclusion. On the
other hand, the small r behavior of the NBS wave functions suggests the repulsive interaction at short
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FIG. 2: Ground state energy of 16O at MPS ≃ 470 MeV as a
function of b at several ndim.

TABLE II: Single particle levels, total energy, and root mean
square radius of 16O and 40Ca at MPS ≃ 470 MeV. Energies
(radii) are in unit of MeV (fm).

Single particle level Total energy Radius

1S 1P 2S 1D E0 E0/A
p

⟨r2⟩
16O −35.8 −13.8 −34.7 −2.17 2.35
40Ca −59.0 −36.0 −14.7 −14.3 −112.7 −2.82 2.78

a HO frequency which reproduces the root-mean-square
(RMS) radius of the matter distribution obtained by the
BHF calculation.

Figure 2 shows the ground state energy of 16O at
MPS ≃ 470 MeV, as a function of the width parameter b
of the HO wave function with increasing number of HO
basis ndim. The solid vertical bar at the rightmost point
represents the error for E0 of about ±10% at b = 3 fm
and ndim = 9: It originates from the statistical error of
our lattice QCD simulations estimated by the Jackknife
analysis with the bin-size of 360 for 720 measurements
as was done in ref. [8]. Almost the same errors apply to
other E0 in the figure. A similar figure for 40Ca is ob-
tained for the same quark mass. As ndim increases, the
binding energy |E0| increases with the optimal b shifting
to larger values. From these results, we can definitely say
that self-bound systems are formed in both nuclei at this
lightest quark mass, corresponding to MPS ≃ 470 MeV.
On the other hand, the existence of deeply bound nuclei
is excluded for other 4 heavier quark masses, since we do
not find E0 < 0.

In Figure 3, single particle levels of 16O and 40Ca are
shown for the optimal width parameter with the largest
HO basis; b = 3.0 fm and ndim = 9. In spite of the un-
physical quark mass in our lattice QCD simulations, the
obtained single particle levels have the similar magnitude
expected for those nuclei in the real world. Also, in the
bound region, the level structure follows almost exactly
the harmonic oscillator spectra with !ω ≃ 22− 23 MeV.
Since the spin-orbit force is not included in our lattice
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levels due to the finite number of basis.
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FIG. 4: Nucleon number density inside 16O and 40Ca at
MPS ≃ 470 MeV as a function of distance from the center
of the nucleus.

nuclear force, the spin-orbit splittings in the P and D
states are not seen in the figure.

Table II shows the single particle energies, total bind-
ing energies and RMS radii of the matter distributions of
16O and 40Ca for b = 3.0 fm and ndim = 9. Breakdowns
of the total binding energies are

16O : E0 = (259.6− 10.3)− 284.0 = −34.7 MeV (4)
40Ca : E0 = (813.4− 9.8)− 916.3 = −112.7 MeV (5)

where the first, second and third numbers are the ki-
netic energy, the center of mass correction and the po-
tential energy, respectively. The total binding energy is
obtained as a result of a large cancellation between ki-
netic energy and potential energy. Principally due to the
heavier quark mass in our calculation, obtained binding
energies |E0| are approximately factor 3 smaller than the
experimental data 127 MeV for 16O and 342 MeV for
40Ca [17].

The RMS radii of the matter distribution given in Ta-
ble II are calculated without the nucleon form-factor and
the center-of-mass correction. We found that these radii
are more or less similar to experimental charge radii (2.73

single particle level
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(RMS) radius of the matter distribution obtained by the
BHF calculation.
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nuclear force, the spin-orbit splittings in the P and D
states are not seen in the figure.

Table II shows the single particle energies, total bind-
ing energies and RMS radii of the matter distributions of
16O and 40Ca for b = 3.0 fm and ndim = 9. Breakdowns
of the total binding energies are
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tential energy, respectively. The total binding energy is
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heavier quark mass in our calculation, obtained binding
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nuclear force, the spin-orbit splittings in the P and D
states are not seen in the figure.

Table II shows the single particle energies, total bind-
ing energies and RMS radii of the matter distributions of
16O and 40Ca for b = 3.0 fm and ndim = 9. Breakdowns
of the total binding energies are

16O : E0 = (259.6− 10.3)− 284.0 = −34.7 MeV (4)
40Ca : E0 = (813.4− 9.8)− 916.3 = −112.7 MeV (5)

where the first, second and third numbers are the ki-
netic energy, the center of mass correction and the po-
tential energy, respectively. The total binding energy is
obtained as a result of a large cancellation between ki-
netic energy and potential energy. Principally due to the
heavier quark mass in our calculation, obtained binding
energies |E0| are approximately factor 3 smaller than the
experimental data 127 MeV for 16O and 342 MeV for
40Ca [17].

The RMS radii of the matter distribution given in Ta-
ble II are calculated without the nucleon form-factor and
the center-of-mass correction. We found that these radii
are more or less similar to experimental charge radii (2.73

Nucleon number distribution

mπ = 470 MeV

E0/A vs A�1/3 form lattice QCD

29

Mass number A dependence 

● E0 /A of 4He and SNM ware obtained in our previous study.
● E0 of the nuclei with ndim = 9 are extrapolated to ndim = ∞ as

● E0 /A  in LQCD at the mq has a reasonable A dependence 
which is well described by a BW type mass formula.

E0(A )= aV A + aS A
2/3 + ⋯

Bethe-Weizsaker mass formula
     for nuclein in the real world

aV =−15.7 [MeV]

aS = 18.6 [MeV]

E0(A ; ndim) = E0(A ; ∞) + c (A )/ndim

aV =−5.46 [MeV] , aS = 6.56 [MeV]

E0/A = aV + asA
�1/3

aV = �5.46 MeV

aS = 6.56 MeV

aexp
S = 18.6 MeV

aexp
V = �15.7 MeV



Equation of State of nuclear matter
Inoue et al. (HAL QCD Coll.), PRL111(2013)112503
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Nuclear matter shows the saturation at the lightest pion 
mass, but the saturation point deviates from the 
empirical one obtained by Weizsacker mass formula.  

No saturation for Neutron matter.
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Our Neutron matter becomes harder as the pion mass decreases, 
but it is still softer than phenomenological models.
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VI. Applications to hadron 
physics



1. H-dibaryon



 H-dibaryon with the flavor SU(3) breaking
mu = md ̸= ms

SU(3) limit
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  S=-2 “Inelastic” scattering
mN = 939 MeV, mΛ = 1116 MeV, mΣ = 1193 MeV, mΞ= 1318 MeV

S=-2 System(I=0)

MΛΛ = 2232 MeV < MNΞ = 2257 MeV < MΣΣ= 2386 MeV

The eigenstate of QCD in the finite box is a mixture of them: 

E = 2
√

m2
Λ + p2

1 =
√

m2
Ξ + p2

2 +
√

m2
N + p2

2 = 2
√

m2
Σ + p2

3

In this situation, we can not directly extract the scattering phase shift 
in lattice QCD.

|S = −2, I = 0, E⟩L = c1(L)|ΛΛ, E⟩ + c2(L)|ΞN, E⟩ + c3(L)|ΣΣ, E⟩



  Extended method
Let us consider 2-channel problem for simplicity.
NBS wave functions for 2 channels at 2 values of energy:

ΨΞN
α (x) = ⟨0|Ξ(x)N(0)|Eα⟩

ΨΛΛ
α (x) = ⟨0|Λ(x)Λ(0)|Eα⟩

α = 1, 2

They satisfy

(∇2 + p2
α)ΨΛΛ

α (x) = 0

(∇2 + q2
α)ΨΞN

α (x) = 0 |x| → ∞



We define the “potential” from the coupled channel Schroedinger equation:

(
∇2

2µΛΛ
+

p2
α

2µΛΛ

)
ΨΛΛ

α (x) = V ΛΛ←ΛΛ(x)ΨΛΛ
α (x) + V ΛΛ←ΞN (x)ΨΞN

α (x)

(
∇2

2µΞN
+

q2
α

2µΞN

)
ΨΞN

α (x) = V ΞN←ΛΛ(x)ΨΛΛ
α (x) + V ΞN←ΞN (x)ΨΞN

α (x)

µ: reduced mass

(
(E1 − HX

0 )ΨX
1 (x)

(E2 − HX
0 )ΨX

2 (x)

)
=

(
ΨX

1 (x) ΨY
1 (x)

ΨX
2 (x) ΨY

2 (x)

) (
V X←X(x)
V X←Y (x)

)

X, Y = ΛΛ or ΞN

(
V X←X(x)
V X←Y (x)

)
=

(
ΨX

1 (x) ΨY
1 (x)

ΨX
2 (x) ΨY

2 (x)

)−1 (
(E1 − HX

0 )ΨX
1 (x)

(E2 − HX
0 )ΨX

2 (x)

)

X ̸= Y

diagonal off-diagonal

diagonaloff-diagonal

Eα =
p2

α

2µΛΛ
,

q2
α

2µΞN

derive these



Using the coupled channel potentials:
(

V ΛΛ←ΛΛ(x) V ΞN←ΛΛ(x)
V ΛΛ←ΞN (x) V ΞN←ΞN (x)

)

we solve the coupled channel Schroedinger equation in the infinite volume with 
an appropriate boundary condition.

For example, we take the incomming ΛΛ state by hand.

In this way, we can avoid the mixture of several “in”-states.

Lattice is a tool to extract the interaction kernel (“T-matrix” or “potential”).

|S = −2, I = 0, E⟩L = c1(L)|ΛΛ, E⟩ + c2(L)|ΞN, E⟩ + c3(L)|ΣΣ, E⟩



  Previous results from HAL QCD Collaboration

Sasaki for HAL QCD Collaboration

2+1 flavor gauge configurations by PACS-CS collaboration.

RG improved gauge action & O(a) improved clover quark action

β = 1.90, a-1 = 2.176 [GeV], 323x64 lattice, L = 2.902 [fm].

κ
s
 = 0.13640 is fixed, κ

ud
 = 0.13700, 0.13727 and 0.13754 are chosen.

Flat wall source is considered to produce S-wave B-B state.

The KEK computer system A resources are used.  

u,d quark masses lighter

π 701±1 570±2 411±2

K 789±1 713±2 635±2

m
π
/m

Κ
0.89 0.80 0.65

N 1585±5 1411±12 1215±12

Λ 1644±5 1504±10 1351±  8

Σ 1660±4 1531±11 1400±10

Ξ 1710±5 1610±  9 1503±  7

Esb 1Esb 1 Esb 2Esb 2 Esb 3Esb 3

Kenji Sasaki (University of Tsukuba) for HAL QCD collaboration
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ΛΛ, ΝΞ, ΣΣ ΛΛ, ΝΞ, ΣΣ (I=0) (I=0) 11SS
00
 channel         channel        ΛΛ, ΝΞ, ΣΣ ΛΛ, ΝΞ, ΣΣ (I=0) (I=0) 11SS

00
 channel         channel        

In this channel, our group found the “H-dibaryon” in the SU(3) limit.
Kenji Sasaki (University of Tsukuba) for HAL QCD collaboration

All channels have repulsive core

Esb1 : mπ= 701 MeV 

Esb2 : mπ= 570 MeV

Esb3 : mπ= 411 MeV

Esb1 : mπ= 701 MeV 

Esb2 : mπ= 570 MeV

Esb3 : mπ= 411 MeV

Diagonal elements

Off-diagonal elements

shallow attractive pocket Deeper attractive pocket Strongly repulsive

Relatively weaker than the others

coupled channel 3x3 potentials



Preliminary !

Bound H-dibaryon 
coupled to NΞ

H as ΛΛ resonance  
H as bound NΞ

H as ΛΛ resonance 
H as bound NΞ

This suggests that H-dibaryon becomes resonance at physical point.  
Below or above NΞ ? Need simulation at physical point.

  

ΛΛ ΛΛ and and ΝΞΝΞ phase shifts phase shiftsΛΛ ΛΛ and and ΝΞΝΞ phase shifts phase shifts

Esb1:
Bound H-dibaryon

Esb2:

H-dibaryon is near the ΛΛ threshold
Esb3:

The H-dibaryon resonance energy is close to ΝΞ threshold..

Kenji Sasaki (University of Tsukuba) for HAL QCD collaboration

 We can see the clear resonance shape in ΛΛ phase shifts for Esb2 and 3.

 The “binding energy” of H-dibaryon from ΝΞ threshold becomes smaller 
as decreasing of quark masses.

Esb3 : mπ= 411 MeVEsb3 : mπ= 411 MeVEsb1 : mπ= 701 MeV Esb1 : mπ= 701 MeV Esb2 : mπ= 570 MeVEsb2 : mπ= 570 MeV

Preliminary!

��

N�

Physically, it is essential that H-dibaryon is a bound state in the flavor SU(3) limit.

�� and N� phase shift



2. Dibaryons



Introduction
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Baryon (B=1) Dibaryon (B=2)

Proton, Neutron,

Lambda, Omega,…

Deuteron

observed in 1930s

Dibaryon = two baryon bound state or resonance

+ d*(2380) resonance

Dibaryon = two baryon bound state or resonance
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Σ*0
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Ω-

Octet(S=1/2) Decuplet(S=3/2)

In decuplet baryons, only Ω is stable under strong decay.
In the case of heavier pion mass, Delta baryons 
become stable. Δ

p+ +  π+ Δ
p+ +  π+heavy pion

Our lattice simulation  
ΔΔ =>  heavy pion 
ΩΩ =>      phys. pt. 

In decuplte baryon, only Ω is stable under strong decay.
At heavier pion masses, however, Δ baryons become stable.

!4

udd uud

uusdds

sds sus

uds

n p

Σ+Σ0, ΛΣ-

Ξ- Ξ0

ddd dud uud uuu

sss

dds uus

sds sus

Δ- Δ0 Δ+ Δ++

Σ*+Σ*- uds
Σ*0

Ξ*- Ξ*0

Ω-

Octet(S=1/2) Decuplet(S=3/2)

In decuplet baryons, only Ω is stable under strong decay.
In the case of heavier pion mass, Delta baryons 
become stable. Δ

p+ +  π+ Δ
p+ +  π+heavy pion

Our lattice simulation  
ΔΔ =>  heavy pion 
ΩΩ =>      phys. pt. 



 SU(3) classification for Dibaryon candidates (B=2)
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10⌦ 10 = 28� 27� 35� 1̄0

10⌦ 8 = 35� 8� 10� 27

8⌦ 8 = 27� 8s � 1� 1̄0� 10� 8a
1) octet-octet system

2) decuplet-octet system

3) decuplet-decuplet system

H-dibaryon(J=0)
Jaffe (1977)

ΩΩ system (J=0) ΔΔ system (J=3)
Zhang et al(1997)

Deuteron(J=1)

Introduction: SU(3) classification for Dibaryon 
candidates (B=2)

NΩ system and NΔ system (J=2)

Dyson, Xuong (1964)

Kamae, Fujita(1977)

Oka, Yazaki(1980)

Goldman et al (1987)

Dyson, Xuong (1964)
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Introduction: SU(3) classification for Dibaryon 
candidates (B=2)

NΩ system and NΔ system (J=2)

Dyson, Xuong (1964)

Kamae, Fujita(1977)
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Goldman et al (1987)

Dyson, Xuong (1964)

Jaffe (1977)

d⇤(2380) resonance



p + n(d) → d + π0 + π0(+pspectator)

!7

d*(2380) resonance
WASA@COSY, PRL 106, 242302 (2011)

ΔΔ contributions

d* resonance
m~2.38 GeV

Γ~70 MeV

d* (2380) observed by WASA@COSY col.

 m~ 2.38 GeV, Γ ~ 70 MeV,  Jπ = 3+, I=0

d*(2380) resonance
WASA@COSY, PRL 106, 242302 (2011)



S. Gongyo et al., in preparation.

�� system with J = 3



Nf = 2+1 full QCD with L = 1.93fm, SU(3) limit 
(CP-PACS Conf)
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[MeV]
mps
 1015
moct 2030

mdec 2220

p+ +  π+
3045MeV

Δ
2220MeV

ΔΔ
p+p+ π+ π+

ΔΔ
p+p+π+π+

CP-PACS phys. pt.

d*: resonance d*: bound state

Δ
p+ +  π+

phys. pt.

Δ: resonance Δ: bound state

CP-PACS

3-flavor full QCD in the SU(3) limit
L = 1.93 fmCP-PACS Conf.



10 plet in decuplet-decuplet system

ΔΔ in Jp(I) =3+(0)
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Nf = 2+1 full QCD with L = 1.93fm, mπ=1015MeV, SU(3) limit
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• In short range, there is no repulsive core 
• Deep bound state is found

SG and K. Sasaki

m� ' 2225MeV
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a≒1fm, r≒0.5fm

preliminary
preliminary
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We assume that 
decay to NN(3D3) is neglected

d* is supported from lattice QCD

10 potential in decuplet-decuplet system



S. Gongyo et al., Phys. Rev. Lett. 120 (2018) 212001.
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Lattice QCD at (almost) physical pion mass

K-computer [10PFlops]�

�� potential

2+1 flavor QCD, m� � 145 MeV, a � 0.085 fm, L � 8 fm
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Strong attraction Vicinity of bound/unbound (~ unitary limit) 

phase shift



The most strange (sss sss) dibaryon ?
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Binding energy

ΩΩ in J =0
Binding energy and the Coulomb effect
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“most strange dibaryon”

H = � r2

m⌦
+ V LQCD

⌦⌦ (r) +
↵

r

H = � r2

m⌦
+ V LQCD

⌦⌦ (r)

(B(QCD)

⌦⌦

, B(QCD+Coulomb)

⌦⌦

) = (1.6(6)MeV, 0.7(5)MeV)

!15

SG and K. Sasaki et.al.(HAL), PRL(2018)

Q=-1

H = �r2

m⌦
+ V LQCD

⌦⌦ (r) +
↵

r



T. Iritani et al., PLB 792 (2019) 284 (arXiv: 1810.03416)

N⌦�



N⌦ potential in

5
S2 channel
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NΩ potential in 5S2 channel

• attractive potential 
without repulsive core 

• long range attraction

qualitatively the same at mpi = 875 MeV

Etminan for HAL QCD Coll. ‘14

B.E. = 18.9(5.0)(+12.1)(-1.8) MeV  18

* attractive potential without 
repulsive core

* long range attraction
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• attractive potential  
without repulsive core 

• long range attraction

qualitatively the same at mpi = 875 MeV

Etminan for HAL QCD Coll. ‘14

B.E. = 18.9(5.0)(+12.1)(-1.8) MeV  18

Etminan et al., NPA928(2014)89

at physical pion mass



Phase shift and binding energy
Scattering Phase Shift of NΩ(5S2)

new “dibaryon” state

 19

•n+p → deuteron
•Ω+Ω → di-Omega
•N+Ω → ???

Gongyo for HAL QCD Coll. PRL120,212001(2018) 

<latexit sha1_base64="kXLRxld7GSnv+caP5LJzKYeZdQg="></latexit>

using Gauss + Form Factor * Yukawa2 -type form
<latexit sha1_base64="bhXOgQwpcLhvz14XTk0aWZRr6Eo="></latexit>

<latexit sha1_base64="1CzkhNeEaipo6jxlzC3bh01H+Ck="></latexit>

Effective Range Expansion

<latexit sha1_base64="nT3vUEqUwNGMWclMuVo0semhbN8="></latexit>

QCD + Coulomb Potential

 21

+
pΩ: “attractive”

enhancement of B.E.
<latexit sha1_base64="1nX+3s61v+uY76zQ9gOIJJ4eJ/4=">AAACH3icbZDLSsNAFIYnXmu8RV26GVqEurAkIuiy6MZlBXuBJpTJdNIMnVyYORFLyN7X8AXc6hu4E7d9AZ/D6WVhW38Y+PnPOZwzn58KrsC2x8ba+sbm1nZpx9zd2z84tI6OWyrJJGVNmohEdnyimOAxawIHwTqpZCTyBWv7w7tJvf3EpOJJ/AijlHkRGcQ84JSAjnpW2RUsgCq+wG4gCc1dItKQFLkssCv5IIRzs2dV7Jo9FV41ztxU0FyNnvXj9hOaRSwGKohSXcdOwcuJBE4FK0w3UywldEgGrKttTCKmvHz6lwKf6aSPg0TqFwOepn8nchIpNYp83RkRCNVybRL+V+tmENx4OY/TDFhMZ4uCTGBI8AQM7nPJKIiRNoRKrm/FNCSaCWh8C1sU8OfCNCdgnGUMq6Z1WXPsmvNwVanfzhGV0Ckqoypy0DWqo3vUQE1E0Qt6Q+/ow3g1Po0v43vWumbMZ07QgozxL1g3oe8=</latexit>

Coulomb potential

ERE param.
<latexit sha1_base64="Eqqn0bH/oNezT1FO0ABfITHXZ8M=">AAACIHicbVBLTsMwFHTKr4RfgSUbiwqJVZVUSLCsYMOySPQjNaFyXKe16jjBfkFUUQ/ANbgAW7gBO8QSDsA5cNssaMtIlkYz8/zsCRLBNTjOl1VYWV1b3yhu2lvbO7t7pf2Dpo5TRVmDxiJW7YBoJrhkDeAgWDtRjESBYK1geDXxWw9MaR7LWxglzI9IX/KQUwJG6pbKnr5XkHmCyL5gWN1VsaemfIw9zSNMuo5JORVnCrxM3JyUUY56t/Tj9WKaRkwCFUTrjusk4GdEAafmYttLNUsIHZI+6xgqScS0n00/M8YnRunhMFbmSMBT9e9ERiKtR1FgkhGBgV70JuJ/XieF8MLPuExSYJLOFoWpwBDjSTO4xxWjIEaGEKq4eSumA6IIBdPf3BYN/HFs27Ypxl2sYZk0qxXXqbg3Z+XaZV5RER2hY3SKXHSOauga1VEDUfSEXtArerOerXfrw/qcRQtWPnOI5mB9/wK6VaKt</latexit>

New dibaryon ?



Comparison
re↵
a0

vs re↵

experiment

experiment

lattice

universal ?

k cot �0(k) =
1

a0
+

re↵
2

k2 + · · ·
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Correlations of Correlations of WW WW andand NW NW  from HIC  from HICCorrelations of Correlations of WW WW andand NW NW  from HIC  from HIC

Predicted correlation functions (K. Morita et al. in prep.)

Measurements of Measurements of NWNW and  and WWWW correlations at RHIC and LHC are expected. correlations at RHIC and LHC are expected.

STAR Collaboration PLB 790 (2019) 490

The proton–W correlation function in Au+Au collisions

Correlations of ⌦⌦ and N⌦ in HIC



Proton-⌦ correlation in RHIC STAR collaboration, arXiv:1808.0251[hep-ex]8

FIG. 4. The solid circle represents the ratio (R) of small system (40-80% collisions) to large system (0-40% collisions) for
proton-⌦ and antiproton-⌦̄ (P⌦+ P̄ ⌦̄). The error bars correspond to the statistical errors and caps correspond to systematic
errors. The open crosses represent the ratio for background candidates from the side-band of ⌦ invariant mass. Predictions
for the ratio of small system to large system [22, 42] for proton-⌦ interaction potentials VI , VII and VIII for static source with
di↵erent source sizes (S,L) = (2,3), (2,4), (2.5, 5) and (3,5) fm, where S and L corresponding to small and large systems, are
shown in (a), (b), (c) and (d) respectively. In addition, the prediction for the expanding source is shown in (e).

U.S. DOE O�ce of Science, the U.S. National Science
Foundation, the Ministry of Education and Science of
the Russian Federation, National Natural Science Foun-
dation of China, Chinese Academy of Science, the Min-
istry of Science and Technology of China (973 Program
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Ministry of Education, the National Research Founda-
tion of Korea, Czech Science Foundation and Ministry of
Education, Youth and Sports of the Czech Republic, De-
partment of Atomic Energy and Department of Science
and Technology of the Government of India, the National
Science Centre of Poland, the Ministry of Science, Edu-
cation and Sports of the Republic of Croatia, RosAtom
of Russia and German Bundesministerium fur Bildung,
Wissenschaft, Forschung and Technologie (BMBF) and
the Helmholtz Association.
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VII : EB = 6.3 MeV

VI : unbound
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Data at k⇤ < 40 MeV favor VIII .

potential at m⇡ = 875 MeV



3. Exotic hadrons



Quark Model (QM) baryon (3 quarks) meson (quark & anti-quark)

–

QCD other color singlet states are possible. (Exotic hadron) 

u

d̄

u

d̄
u

d

u

d̄
u

tetra quark penta quark

Several candidates for exotic hadrons are reported experimentally.

But they are not confirmed yet.



Charmonium(-like) spectrum
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X(3872)Zc(3900)

Y (4260)
Y (4360) ✓ Quark models well describe observed 

mass spectra at low energies (< 3.8 GeV)

✓ Several states at high energies (> 3.8GeV) 
are not discovered

Charmonium(-like) states

 NEW (X, Y, Z) states observed in expt. 
which are NOT within QM spectrum

➡ Are they exotic?

Godfrey, Isgur, PRD 32 (1985).
Barnes, Godfrey, Swanson, PRD 72 (2005).

Quark model well describes observed 
mass spectra below 3.8 GeV.

Several states above 3.8 GeV are not 
discovered.

New (X,Y,Z) states, not predicted by 
QM, are experimentally observed.

Exotic ?
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✓ Lowest open charm threshold (DbarD) is 3.75 GeV
✓ All new states embedded in two-meson continuum (DbarD, DbarD*, Dbar*D*,...)
✓ Channel coupling could be a key to investigate X, Y, Z states

c
d̄

u
c̄

Charmonium(-like) states

➡ Are they exotic?

Quark model well describes observed 
mass spectra below 3.8 GeV.

Several states above 3.8 GeV are not 
discovered.

New (X,Y,Z) states, not predicted by 
QM, are experimentally observed.

Exotic ?



Charmonium(-like) spectrum

JPC0�+ 1�� 1+� 0++ 1++ 2++

X(3872)Zc(3900)

Y (4260)
Y (4360) ✓ Quark models well describe observed 

mass spectra at low energies (< 3.8 GeV)

✓ Several states at high energies (> 3.8GeV) 
are not discovered

Charmonium(-like) states

 NEW (X, Y, Z) states observed in expt. 
which are NOT within QM spectrum

➡ Are they exotic?

Godfrey, Isgur, PRD 32 (1985).
Barnes, Godfrey, Swanson, PRD 72 (2005).

uc
c̄ d̄

JPC0�+ 1�� 1+� 0++ 1++ 2++

Y (4260)
Y (4360)

X(3872)Zc(3900)

✓ Quark models well describe observed 
mass spectra at low energies (< 3.8 GeV)

Godfrey, Isgur, PRD 32 (1985).
Barnes, Godfrey, Swanson, PRD 72 (2005).

 NEW (X, Y, Z) states observed in expt. 
which are NOT within QM spectrum

✓ Several states at high energies (> 3.8GeV) 
are not discoveredD̄D

D̄D⇤
D̄⇤D⇤

✓ Lowest open charm threshold (DbarD) is 3.75 GeV
✓ All new states embedded in two-meson continuum (DbarD, DbarD*, Dbar*D*,...)
✓ Channel coupling could be a key to investigate X, Y, Z states

c
d̄

u
c̄

Charmonium(-like) states

➡ Are they exotic?

Quark model well describes observed 
mass spectra below 3.8 GeV.

Several states above 3.8 GeV are not 
discovered.

New (X,Y,Z) states, not predicted by 
QM, are experimentally observed.

Exotic ?

 All new states are found above 3.8 GeV 

Lowest open charm threshold (DbarD)のis 3.75 GeV 

All new states embedded in two-meson continuum(DbarD, DbarD*, Dbar*D*,…) 

Channel coupling is a key to investigate X, Y, Z states 



Tetra quark candidate Zc(3900)
BESIII Coll., PRL110 (2013). Belle Coll., PRL110 (2013).

• peak in π+/-J/ψ invariant mass (minimal quark content ccbar udbar <--> tetraquark candidate)

• M ~ 3900, Γ ~ 60 MeV (Breit-Wigner) --> just above DbarD* threshold
(JP=1+ <--> couple to s-wave meson-meson continuum)

• Tetraquark Zc(3900)?

Y (4260)
⇡e+

e� J/�
M�J/⇥

⇡

Z
c(3900)

★ structure of Zc(3900) studied by models

uc
c̄ d̄
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Voloshin(‘08)Maiani et al.(‘13)

tetraquark J/ψ + π atom DbarD* molecule

Nieves et al.(‘11) + many others

c
d̄

u
c̄

DbarD* threshold effect

Chen et al.(‘14), Swanson(‘15)

c
c̄

⇡

 e+ + e- --> Y(4260) --> π + Zc(3900)
➡ π+/- + J/ψ

Exotic tetraquark candidate Zc(3900)

genuine state expected kinematical origin

e+ + e� ! Y (4260) ! ⇡ + Zc(3900)

BESIII Coll., PRL110 (2013). Belle Coll., PRL110 (2013).

• peak in π+/-J/ψ invariant mass (minimal quark content ccbar udbar <--> tetraquark candidate)

• M ~ 3900, Γ ~ 60 MeV (Breit-Wigner) --> just above DbarD* threshold
(JP=1+ <--> couple to s-wave meson-meson continuum)
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Exotic tetraquark candidate Zc(3900)

genuine state expected kinematical origin

M + i� ⇠ 3900 + i60 MeV (Breit-Wigner) just above DbarD* threshold

peak in ⇡±J/ invariant mass (minimal quark content cc̄u ¯d) terra quark candidate

interpretations

BESIII Coll., PRL110 (2013). Belle Coll., PRL110 (2013).

• peak in π+/-J/ψ invariant mass (minimal quark content ccbar udbar <--> tetraquark candidate)
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coupled channel potential and Zc(3900)
Y. Ikeda et al. [HAL QCD], PRL117, 24001 (2016)

Yoichi Ikeda (Osaka U.)

coupled channel potential VAB(~r)

A,B = ⇡J/ , ⇢⌘c, D̄D⇤

Zc(3900) in IG(JPC)=1+(1+-)
-- πJ/ψ - ρηc - DbarD* coupled-channel --

a ' 0.09fm

L ' 2.9fm

• Iwasaki gauge
• clover Wilson quark
• 32^3 x 64 lattice

• remove leading cutoff errors O((mc a)n), O(ΛQCD a), ...

➡ We are left with O((aΛQCD)2) syst. error (~ a few %)

light meson mass (MeV)
mπ= 411(1), 572(1), 701(1)

mρ= 896(8), 1000(5), 1097(4)

charm meson mass (MeV)
mηc= 2988(1), 3005(1), 3024(1)
mJ/ψ= 3097(1), 3118(1), 3143(1)
mD= 1903(1), 1947(1), 2000(1)
mD*= 2056(3), 2101(2), 2159(2)

Y. Ikeda et al., [HAL QCD], PRL117, 242001 (2016).

Zc(3900)

D̄D⇤

D̄⇤D⇤

⇢⌘c

⇡J/ J/ = c̄c (spin 1)

⌘c = c̄c (spin 0)

⇡ = d̄u (spin 0)

⇢ = d̄u (spin 1)

D⇤ = d̄c (spin 1)D̄ = c̄u (spin 0)

m⇡ = 411, 572, 701 MeV

a ' 0.09 fm, L ' 2.9 fm
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1. invariant mass distribution of 2-body scattering 

2. pole position of S-matrix

Structure of Zc(3900)
S-wave ⇡J/ � ⇢⌘c � ¯DD⇤

coupled channel scattering

Structure of Zc(3900)
studied by the most ideal scattering process

• S-wave πJ/ψ - ρηc - DbarD* coupled-channel scattering
➡ Zc(3900) is observed in πJ/ψ & DbarD* -> 2-body scattering is the most ideal reaction

1. invariant mass distribution of 2-body scattering

# of scat. particles proportional to imaginary part of amplitude

2. pole position of S-matrix

⇡(D̄)⇡(D̄)

J/�(D⇤)J/�(D⇤)
f(W )

Nsc / (flax) · �(W ) / Imf(W )

‣ analytic continuation of c.c. S-matrix onto complex energy plane
‣ understand nature of Zc(3900)

• Results w/ mπ=410MeV are shown. (weak quark mass dependence observed)

Nsc / (flax) · �(W ) / Imf(W )

S(W ) two identical methods

‣ Lüscher: temporal correlation --> eigen-energy Wn --> S(W)
(difficulty in coupled-channel scattering & large volume simulation)

‣ HAL QCD: space-time correlation --> “potentials” --> S(W)

How to search for resonances on the lattice

S-matrix based on QCD (lattice QCD simulations)

Analyticity of S-matrix is uniquely determined (S-matrix theory)

Re[z]

Im[z]

bound

1st sheet

2nd sheet resonance

bound state (1st sheet)
• pole position --> binding energy
• residue --> coupling to scattering state

resonance (2nd sheet)
• analytic continuation onto 2nd sheet
• pole position --> resonance energy
• residue --> coupling to scat. state, partial decay

S(W ) two identical methods

‣ Lüscher: temporal correlation --> eigen-energy Wn --> S(W)
(difficulty in coupled-channel scattering & large volume simulation)

‣ HAL QCD: space-time correlation --> “potentials” --> S(W)

How to search for resonances on the lattice

S-matrix based on QCD (lattice QCD simulations)

Analyticity of S-matrix is uniquely determined (S-matrix theory)

Re[z]

Im[z]

bound

1st sheet

2nd sheet resonance

bound state (1st sheet)
• pole position --> binding energy
• residue --> coupling to scattering state

resonance (2nd sheet)
• analytic continuation onto 2nd sheet
• pole position --> resonance energy
• residue --> coupling to scat. state, partial decay



Invariant mass distributionInvariant mass of πJ/ψ & DbarD* (2-body scat.)

✓ Enhancement just above DbarD* threshold in both amplitudes

✓ Is Zc(3900) a conventional resonance? --> pole of S-matrix

➡ effect of strong VπJ/ψ, DbarD* (black --> VπJ/ψ, DbarD*=0)

DbarD*

DbarD*ρηc

• DbarD* invariant mass• πJ/ψ invariant mass

BESIII Coll., PRL112 (2014).

�(Zc(3900) ! D̄D⇤)

�(Zc(3900) ! ⇡J/ )
= 6.2(1.1)(2.7)

⇡J/ invariant mass D̄D⇤ invariant mass

 Enhancement just above DbarD* threshold in both amplitudes 

 effect of strong off-diagonal parts（black̶>off-diagonal=0） 

 peak is not the Breit-Wigner shape 

　Is Zc(3900) conventional resonance？　̶> pole of S-matrix



Pole of S-matrix
� � �S
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J
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/
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DbarD* threshold
ρηc threshold

πJ/ψ threshold

pole of S-matrix

Re[z] (scattering energy) [MeV] Im[z] (
half w

idth) [M
eV]

• Pole corresponding to “virtual state”
• Pole contribution to scat. observables is small (far from scat. axis)
• Zc(3900) is not a resonance but “threshold cusp” induced by strong VπJ/ψ,DbarD*

Pole of S-matrix (πJ/ψ :2nd, ρηc :2nd, DbarD*:2nd)

Zc(3900)

Im[z]

Re[z]

mD̄ +mD⇤m⇢ +m⌘c
m� +mJ/⇥

[1st, 1st, 1st]

[2nd, 1st, 1st]

[2nd, 2nd, 1st]

[2nd, 2nd, 2nd]

If Zc is resonance...

pole position

Pole corresponds to “virtual state” 

 Pole contribution to scat. observable 
is small (far from scat. axis)

Zc(3900) is not a resonance but 
“threshold cusp” induced by 
strong channel couplings 

(⇡J/ :2nd, ⇢⌘c:2nd, D̄D⇤:2nd)



Comparison with experimental data

BESIII Coll., PRL112, 022001, (2014).
Wang (BESIII Coll.), MENU2016 talk

Comparison with expt. data:
-- spectrum of Y(4260) 3-body decay --

BESIII Coll., PRL110, 252001, (2013).

Belle Coll., PRL110, 252002, (2013).

Y (4260)

⇡

Zc(3900)

D̄D⇤

⇢⌘c

⇡J/ 

Y (4260)
⇡

Z
c(3900)

⇡, D̄

J/ , D⇤

spectrum of Y(4260) 3-body decay



Y (4260) ! ⇡⇡J/ ,⇡D̄D⇤
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4. Partial wave decomposition  
in the HAL QCD method

T. Miyamoto, et al. (HAL QCD), iarXiv:1906.01987



Lattice QCD in the finite box

Rotational symmetry Cubic symmetry

angular momentum is conserved

partial wave decomposition is 
possible different partial waves are mixed

a finite number of irreducible 
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where a number denotes an eigenvalue of the angular momentum l. The corresponding
basis polynomials for each cubic representation are given in table2.2.

We now compare two expressions of ϕL(r; k) in some irreducible representations
of the cubic group. If we project the BS wave function to A+
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contains the l = 0 partial wave as well as l ≥ 4 contribution. Neglecting l ≥ 4
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which leads to the famous Lüscher’s formula(Lüscher, 1991),
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Motivation
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Misner’s method C. W. Misner, Class. Quantum Grav. 21 (2004) S243 - S247
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I. Introduction II. Misner’s method III. Mockup data IV. Lattice QCD data V. Summary
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Charles. W. Misner, Class. Quantum Grav. 21 (2004) S243-S247

幅 2Δを持つ球核　　　　　　　　　　　　　　　　 上の規格直行系を  
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離散空間では、体積積分は球核上の全てのデータ点の 
　　重み付きの和に置き換えることができる

点 (x,y,z) を中心とした単位立方体と球核 SR,Δ との 
重なりの大きさに対応した重み

hf |gi
c

⌘
Z

~x2SR,�

d

3
x f(~x)g(~x) hYR,�

A |YR,�
B ic = �AB

(A,B = nlm)

hf |gi
d

⌘
X

~x2SR,�

!(~x)f(~x)g(~x)

R

Δ

⃗x

ω( ⃗x )

hYR,�
A |YR,�

B id 6= �AB
<latexit sha1_base64="nI/8qB7Lc4YeeLS56c1N1HfS4qE="></latexit><latexit sha1_base64="nI/8qB7Lc4YeeLS56c1N1HfS4qE="></latexit><latexit sha1_base64="nI/8qB7Lc4YeeLS56c1N1HfS4qE="></latexit><latexit sha1_base64="nI/8qB7Lc4YeeLS56c1N1HfS4qE="></latexit>

素粒子・原子核・宇宙「京からポスト京に向けて」シンポジウム @ 筑波大学 東京キャンパス (2019/1/10)

 この時、有限個のデータ点しかないことによりYnlmの直行性は破れる 

�6

I. Introduction II. Misner’s method III. Mockup data IV. Lattice QCD data V. Summary

Charles. W. Misner, Class. Quantum Grav. 21 (2004) S243-S247

離散空間では、体積積分は球核上の全てのデータ点の 
　　重み付きの和に置き換えることができる

点 (x,y,z) を中心とした単位立方体と球核 SR,Δ との 
重なりの大きさに対応した重み

hf |gi
c

⌘
Z

~x2SR,�

d

3
x f(~x)g(~x) hYR,�

A |YR,�
B ic = �AB

(A,B = nlm)

hf |gi
d

⌘
X

~x2SR,�

!(~x)f(~x)g(~x)

R

Δ

⃗x

ω( ⃗x )

hYR,�
A |YR,�

B id 6= �AB
<latexit sha1_base64="nI/8qB7Lc4YeeLS56c1N1HfS4qE="></latexit><latexit sha1_base64="nI/8qB7Lc4YeeLS56c1N1HfS4qE="></latexit><latexit sha1_base64="nI/8qB7Lc4YeeLS56c1N1HfS4qE="></latexit><latexit sha1_base64="nI/8qB7Lc4YeeLS56c1N1HfS4qE="></latexit>

weight function
素粒子・原子核・宇宙「京からポスト京に向けて」シンポジウム @ 筑波大学 東京キャンパス (2019/1/10)

 この時、有限個のデータ点しかないことによりYnlmの直行性は破れる 

�6

I. Introduction II. Misner’s method III. Mockup data IV. Lattice QCD data V. Summary

Charles. W. Misner, Class. Quantum Grav. 21 (2004) S243-S247

離散空間では、体積積分は球核上の全てのデータ点の 
　　重み付きの和に置き換えることができる

点 (x,y,z) を中心とした単位立方体と球核 SR,Δ との 
重なりの大きさに対応した重み

hf |gi
c

⌘
Z

~x2SR,�

d

3
x f(~x)g(~x) hYR,�

A |YR,�
B ic = �AB

(A,B = nlm)

hf |gi
d

⌘
X

~x2SR,�

!(~x)f(~x)g(~x)

R

Δ

⃗x

ω( ⃗x )

hYR,�
A |YR,�

B id 6= �AB
<latexit sha1_base64="nI/8qB7Lc4YeeLS56c1N1HfS4qE="></latexit><latexit sha1_base64="nI/8qB7Lc4YeeLS56c1N1HfS4qE="></latexit><latexit sha1_base64="nI/8qB7Lc4YeeLS56c1N1HfS4qE="></latexit><latexit sha1_base64="nI/8qB7Lc4YeeLS56c1N1HfS4qE="></latexit>

素粒子・原子核・宇宙「京からポスト京に向けて」シンポジウム @ 筑波大学 東京キャンパス (2019/1/10) �7

I. Introduction II. Misner’s method III. Mockup data IV. Lattice QCD data V. Summary

Δ と nmax の決め方
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David R. Fiske, Class. Quant. Grav. 23 (2006) 5951

✓ 動径方向の直交基底 GnRΔ(r) は 　　　　　　　だけの離散誤差を持つ
Lattice QCD data の離散誤差と同じようにスケーリング 
させるために、Δ は Δ～a (lattice spacing) とした方が良い
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Since a number of points in the shell is finite, we have to truncate n  n
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and l  l
max

to have G�1

AB .

This introduces an approximation !
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A choice of �, n
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and l
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GR,�
n has O(�

n
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+2
) discretization errors
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� 2

Our choice � = a, n
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= 2, l
max

= 6

NBS wave function

Higher L contributions seem to be removed by the Misner’s method !



Laplacian term
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“ひげ” 構造
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✓従来の計算では、ラプラシアンは２回差分として定義していた 
✓ミスナー法では、ラプラシアンは解析的に計算できる

実際の Lattice QCD データへの適用：ΛcN（1S0）系 T. M, et al. [HAL QCD Collaboration],  
Nucl. Phys. A971 (2018) 113 

NBS 波動関数のラプラシアン
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✓ミスナー法の結果と比べると、ひげ構造が大きくなっていることがわかる
L >= 4 成分は波動関数のラプラシアンに大きなひげ構造を作る

Misner’s method

Conventional HAL QCD ~r2
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The finite difference approximation enhances higher partial wave contributions.

analytic derivative



Potential

The Misner’s method can remove large fluctuations caused by the contamination 
from higher partial waves to the S=0 component.



Fits

Fit to the conventional HAL QCD data The Misner’s method'
Statistical errors of the fit to the conventional HAL QCD data are not affected by 
contaminations from higher partial waves.



Scattering phase shift

Almost identical between the conventional result and the Misner’s method.

No improvement of statistical errors, 
but we have more confidence on validity of our results !



VII. Summary



• Currently the HAL QCD Potential method is the only way to investigate 
baryon interactions reliably in lattice QCD. 

• Nuclear potentials, Hyperon potentials and more 

• Pauli principle is relevant for the repulsive core 

• Omega-Omega : shallow bound state at physical pion mass 

• N-Omega: bound state at physical pion mass ? 

• H-dibaryon: bound state at SU(3) limit.  SU(3) breaking ? 

• physical point simulation is on-going with K-computer.  

• Other applications (rho & sigma resonances, heavy baryons, Tetra 
quark, Penta quark, 3 body forces and more)

Summary
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