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Heavy quarkonium
• Simple bound states

• Non-relativistic system: 𝑣 ≪ 1

• Heavy mass: 𝑚𝑄 ≫ Λ𝑄𝐶𝐷

• Separated momentum scales: 𝑚𝑄、𝑚𝑄𝑣、𝑚𝑄𝑣
2、Λ𝑄𝐶𝐷

• NRQCD factorization

𝑑𝜎𝐴+𝐵→𝐻+𝑋 =෍

𝑛

𝑑𝜎𝐴+𝐵→𝑄 ത𝑄+𝑋 𝒪𝐻(𝑛)

• color-octet mechanism: Fock state expansion

• Short-distance part

• perturbation calculable

• Organized in powers of 𝛼𝑠
• Long-distance matrix elements (LDMEs)

• parametrize the non-perturbative part

• Organized in powers of 𝑣

• Universal (process independent)
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Fragmentation Function (FF)
• QCD Collinear Factorization

𝑑𝜎𝐴+𝐵→𝐻+𝑋 𝑝𝑇 =෍

𝑖

𝑑 ො𝜎𝐴+𝐵→𝑖+𝑋
𝑝𝑇
𝑧
, 𝜇 ⊗ 𝐷𝑖→𝐻 𝑧, 𝜇 + 𝒪(

1

𝑝𝑇
2)

• Evolution by the DGLAP 

evolution
𝜇
𝑑

𝑑𝜇
𝐷𝑔→𝐻 𝑧, 𝜇 =෍

𝑖

න
𝑧

1𝑑𝜉

𝜉
𝑃𝑖𝑔

𝑧

𝜉
; 𝛼𝑠(𝜇) 𝐷𝑖→𝐻 𝜉, 𝜇

• Compare with the NRQCD factorization
𝐷𝑖→𝐻 𝑧, 𝜇0 =෍

𝑛

𝑑𝑛(𝑧, 𝜇0, 𝜇𝑓) 𝒪
𝐻(𝑛)

• LDMEs: lattice, potential model, experiment
• SDCs: match from the Full QCD calculation

• Parton fragment into a free 𝑄 ത𝑄 state.
• Calculate the Feynman diagrams
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Present calculation (single parton FFs)

• Up to 𝛼𝑠
2-order

Summary  

• 𝛼𝑠
3-order

• 𝑔 → 𝑄 ത𝑄(3𝑆1
1
) + 𝑔𝑔

• Numerical

• Analytical 

• 𝑔 → 𝑄 ത𝑄(1𝑃1
1
) + 𝑔𝑔

• Analytical 

• 𝑔 → 𝑄 ത𝑄(1𝑆0
1
) + 𝑋 (NLO)

• Numerical
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• Feynman Diagram

• Form of SDC

in which 𝑎 = 0,
1

2
,

and the phase space integral is

• Final results

• 𝑔 → 𝑄 ത𝑄(1𝑆0
1
) + 𝑋

• 𝑔 → 𝑄 ത𝑄(1𝑆0
8
) + 𝑋
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LO Calculation



• Feynman Diagram

• Form of SDCs

in which
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Real Calculation

𝑆 = 2

𝑆 = 1



• IBP reduction
• For a family of Feynman integrals

𝐷𝑖 : linear functions with respect to the scalar product of  loop 
momenta and external momenta.

• IBP relations (integrated boundlessly)

• If 𝐷𝑖 are independent and complete

• Reduce to master integrals (MIs)

8

Real Calculation
Chetyrkin, Tkachov, Nucl. Phys. A15 (1981) 159-204
Smirnov, Comput. Phys. Commun. 189 (2015) 182-191



• Transform of delta function

(2𝜋)𝛿 𝑥 = lim
𝜂→0

𝑖

𝑥 + 𝑖𝜂
−

𝑖

𝑥 − 𝑖𝜂

• Transform 𝛿(𝐷𝑗) in phase space to 1/𝐷𝑗
• Normally IBP relations independent with 𝑖𝜂

• Ignore the infinitesimal imaginary parts

• Choose MIs with power of 𝐷𝑗 no more than 1

• Change 1/𝐷𝑗 back to 𝛿(𝐷𝑗)

• Ignore the MIs with power of 𝐷𝑗 no more than 0
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Real Calculation



Problem in real IBP reduction

• Unregularized rapidity divergence
• For MI

• integrated out 𝑘1
−, 𝑘2

−, 𝑘2
+ , we get 

• rapidity divergence

• unregularized in dimensional regularization

• Problems
• IBP relation?

• Value of MI?
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Real Calculation

𝐸1 = 𝑘1 ⋅ 𝑘2
𝐸4 = 2𝑘1 ⋅ 𝑃 + 1



Problem in real IBP reduction

• Gluon mass regularization
• Transform the phase space integral

• Take the limit of 𝑚𝑔 → 0

• Calculation of the MI
• integrated out 𝑘1⊥, 𝑘2⊥, we get 

• Only  𝑧1 ∼ 𝑚𝑔
2 values in the limit of 𝑚𝑔 → 0

• The final result is 
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Real Calculation

𝑡 =
1 − 𝑧

𝑧



Problem in real IBP reduction
• Divide the origin express two parts

• Integrals that can be regularized: 

naive IBP reduction (ignore 𝑖𝜂 directly)

• Integrals that can not be regularized: 

gluon mass regularization method

• The unregularized integrals cancelled finally

• Test the IBP reduction of                 with naive IBP method 
• One of MIs is                   , but IBP relation values once we take the 

gluon mass regularization method in the calculation of this MI

• gluon mass regulator can indeed give correct result

• naïve IBP reduction values once the initial integrals are regularized

• Finally obtain 95 MIs
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Calculation of MIs
• Set up differential equations (DEs)

• Asymptotic expansions

• Singularities in DEs: 0, 1/2, 1
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Calculation of MIs
• Set up differential equations (DEs)

• Asymptotic expansions

• Singularities in DEs: 0, 1/2, 1

• estimate values of MIs in regions 0 ∼ 1

4
,
1

4
∼

3

4
,
3

4
∼ 1 respectively 

by the asymptotic expansions of MIs at 𝑧 = 0,1/2,1

• Coefficients at high order are related with those at lower 
order

• Calculate the boundary at 𝑧 → 1
• Sector analyzation

• Sector decomposition
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• Feynman Diagram

• Form of SDCs

In which

• Use naïve IBP reduction

• Obtain 66 MIs
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Virtual Calculation
𝑆 = 1



Calculations of MIs
• Calculate the asymptotic expansions at singularities

• Singularities in DEs: 0, 2( 2 − 1), 1

• 𝑧 = 2( 2 − 1) does not affect the radius of 
convergence

• Boundaries at 𝑧 → 1 are difficult to calculate
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Virtual Calculation



Calculations of MIs

• Use 𝑖𝜂 method to calculate boundaries at 𝑧 = 𝑧0
• Add 𝑖𝜂 in the denominators that contains loop 

momentum 𝑙

• Set up the DEs over 𝜂

• Calculate the boundaries of new MIs at 𝜂 → ∞ with 𝑧 =
𝑧0 in which 𝑧0 is a analytical point

• Sector analyzation

• Calculate the values of new MIs at 𝜂 → 0 with DEs

• Use these values as boundaries of initial MIs at 𝑧 = 𝑧0

• estimate values of MIs in regions 0 ∼ 1

4
,
1

4
∼

3

4
,
3

4
∼ 1

respectively by the asymptotic expansions of MIs at 
𝑧 = 0,1/2,1
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Final results

After renormalization
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Discussion

𝑏0 =
11𝑁𝑐 − 2𝑛𝑓
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Numerical results

• Agree with Ref [2,3] for 𝑔 → 𝑄 ത𝑄(1𝑆0
8
) + 𝑋

• Agree with Ref [3] but different with Ref [1] for 𝑔 →

𝑄 ത𝑄(1𝑆0
1
) + 𝑋 especially at 𝑧 → 0
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Divergence at the endpoints

• Divergence at 𝑧 → 0
• Leading behavior: 1/𝑧

• Partonic hard part behaves as 𝑧𝑛(𝑛 ≥ 4)

• small 𝑧 region has negligible contributions to physical 
cross sections

• Divergence at 𝑧 → 1
• Leading behavior: ln2(1 − 𝑧)

• At specific order, perturbative calculation in this region is 
not good

• Resummation may help to solve this problem
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Estimate the cross section

For 2nd,4th,6th moments, the integral results are

• K-factor are moderate
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Sensitivities to renormalization scale

𝜇𝑟 change from 𝑚𝑏 to 4𝑚𝑏

• In NLO error bands, upper value are larger than 
lower value by a factor of 2 in the middle 𝑧 region

• Large theoretical uncertainties
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• Give a semi-analytical calculation of the FFs for 
processes 𝑔 → 𝑄 ത𝑄(1𝑆0

1,8
) + 𝑋 at NLO

• NLO corrections are large

• Theoretical uncertainties are large

• K-factors are moderate for high moments integrals

• Discover a method to calculate FFs with high-loop 
integrals
• IBP reduction

• Set up DEs of the MIs

• Calculate the boundaries of MIs

• Solve the asymptotic series at singularities through DEs

• Use the series to estimate the value at near region
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Conclusion and Summary

Thank you!


