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Introduction: Electromagnetic field in relativistic HIC
W. T. Deng and X. G. Huang, PRC 85, 044907 (2012)

§ Calculated from the Lienard-Wiechert potential using the spatial and
momentum information of the protons from HIJING.  

§ Magnitude of electromagnetic field is large but the lifetime is short.
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Effect of QGP conductivity on magnetic field
L. Mclerran & V. Skokov, NPA 929, 184 (2014)

§ Lifetime of magnetic field is long only if QGP is a perfect conductor.

�LQCD

Ohm
= (5.8± 2.9)

T

T0

MeV



Anomalous chiral effects

Vector current Jµ = h ̄�µ i = Jµ
R + Jµ

L

Axial vector current Jµ
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Chiral magnetic e↵ect J = �5B, �5 =
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Chiral electric separation e↵ect J5 = ��eE, ��e = �eµµ5

Chiral separation e↵ect J5 = �SB �S =
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Chiral magnetic wave

From the chiral magnetic and separation effects,

Kharzeev & Yee, PRD 83, 085007 (2011)
Burnier, Kharzeev, Liao & Yee, PRL 107, 052303 (2011)

JR,L = ±Q2µR,L
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B,
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Separate conservation of vector charges of particles of right and left 
chiralities

Small deviation from equilibrium leads  to  chiral magnetic waves 
propagating along and opposite to the direction of magnetic field
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→ Larger elliptic flow for
negatively charged than  
positively charged particles



Chiral magnetic wave and elliptic flow splitting

G. Wang et al., NPA 904-905, 248c (2013)  
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19.6 GeV (2011). All were obtained with a minimum-bias trigger. Only events within 40 cm of
the center of the detector were selected for this analysis. In the calculation of charge asymmetry,
(anti)protons with transverse momentum pT < 0.4 GeV/c were excluded to reject beam pipe
protons. A distance of the closest approach (dca) cut (< 1 cm) was also applied to reduce the
number of weak decay tracks or secondary interactions. To select pions, we eliminate charged
particles 2σ away from the expected TPC energy loss for pions.
Elliptic flowmeasurements were carried out with the two-particle cumulantmethod v2{2} [16,

21] for 200 and 62.4 GeV, and v2{η sub} approach for the rest beam energies, where two subevents
consist of charged particles with η > 0.3 and η < −0.3, respectively. Pions at positive (negative)
η are then correlated with the subevent at negative (positive) η to calculate v2. The η gap of 0.3
unit suppresses short-range correlations such as Bose-Einstein interference and Coulomb final-
state interactions [21]. The η gap was also used in the v2{2} analysis in a similar way. To focus
on the soft physics regime, only pions with 0.15 < pT < 0.5 GeV/c were used to calculate the
pT -integrated v2. Taking 30-40% 200 GeV Au+Au as an example [22], we show pion v2 as
a function of observed charge asymmetry in the left panel of Fig. 1. π− v2 increases with the
observed A± while π+ v2 decreases with a similar magnitude of the slope. After the tracking
efficiency correction for the charge asymmetry, the v2 difference between π− and π+ is fit with
a straight line in the right panel. The slope parameter r, or 2qe/ρ̄e from Eq. 2, is positive and
qualitatively consistent with the expectation of the CMW picture. The intercept of the linear fit
is non-zero, indicating the baseline v2 for π− and π+ are different.
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Figure 2: (Color online) The slope parameter r, supposedly 2qe/ρ̄e, as a function of centrality. For comparison, we also
show the UrQMD [23] simulation for 200 GeV Au+Au, and the calculations with CMW [14] with different duration
times. The grey band represents the systematic uncertainty due to varied dca cuts and the tracking efficiency.

In both v2{2} and v2{η sub}, there are correlations not related to the reaction plane, and not
suppressed by the η gap, for example due to back-to-back jets. They are largely canceled out in
the v2 difference between π− and π+. Correlations between daughters of weak decays like Λ/Λ

G. Wang / Nuclear Physics A 904–905 (2013) 248c–255c250c

�v2 = v2(�)� v2(+), A± =
N+ �N�
N+ + N�

, slope parameter =
�v2

A±

Require magnetic field of lifetime
of 4 fm/c
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Final-state effect on charge asymmetry of pion elliptic flow 
G. L. Ma, PLB 735, 383 (2014)   

Modified initial
distributions in 
the transverse
plane of a collision
described by AMPT
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Charge asymmetry of pion elliptic flow

§ Intersection at Ach = 0 is sensitive to initial quadrupole moment
in transverse plane. 8



Chiral kinetic equation with electromagnetic field  
§ Path integral: Stephanov & Yin, PRL 109, 162001 (2012)
§ Poisson brackets: Son & Yamamoto, PRD 87, 085016 (2013)
§ Covariant Wigner function:  Chen, Pu, Wang & Wang, PRL 110, 

262301 (2013)   

dt

d⌧
@tfR/L +

dx
d⌧

·rxfR/L +
dp
d⌧

·rpfR/L = 0

dt

d⌧
= 1 ± Qb · B

dx
d⌧

= p̂ ± Q(p̂ · b)B ± Q(E⇥ b)

dp
d⌧

= Q(E + p̂⇥B) ± Q2(E · B)b⌥Q|p|(E · b)b

Three� dimensional Berry curvature b =
p

2|p|3

Plus: positive helicity
Minus: negative helicity
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Modified quark scattering

§ To ensure massless fermions to reach the equilibrium distribution

the momenta p3 and p4 of two colliding fermions after a collision 
are determined by momentum conservation with the probability 

proportional to ! "3 !("4) , which is set to zero if negative.

§ For collision between a fermion and its antiparticle that have 
opposite helicities, their helicities can be flipped after the collision
[Sun, Ko & Li, PRC 94, 045204 (2016); 95, 034909 (2017)].
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§ CKE leads to the
separation of  particles 
of right chirality and 
left chirality. 

§ CCS (                ) resulting       
in more positively 
charged particles 
moving in y-direction.

Chirality changing scattering (CCS)
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dt

d⌧
@tfR/L +

dx
d⌧

·rxfR/L +
dp
d⌧

·rpfR/L = C(fR/L)

Application to non-central HIC with initial conditions

Chiral transport model

Longitudinal distribution

z = τ0 sinh y, pz = mT cosh y

τ0 = 0.4 fm/c

T (x, y) =
T0

✓
1 + e

p
x2+y2/c2�R

a

◆1/3

eBy =
eB0

1 + (t/⌧)2

T0 = 300 MeV, R = 3.5 fm, a = 0.5 fm, c = 1.5 fm
eB0 = 7 m2

⇡, ⌧ = 6 fm/c

� = �0(T0/T )3 with �0 = 13 ⇠ 15 mb by fitting to measured v212



Differential elliptic flow 

Data from Adams et al. (STAR Collaboration), PRC 72, 014904 (2005) 
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Time evolution of eccentricity and v2 splittings

§ Including only chiral kinetic motion (CKM) and chirality changing
quark-antiquark scattering (CCS) and neglecting the Lorentz force.
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Vector and axial vector charge distributions   

@ z = 0 & A± = 0.16

Axil charge distribution
(dipole moment)

Charge distribution 
(quadrupole moment)



Effect of Lorentz force

§ Not included before [Y. Burnier et al., PRL 107 (2011); M. Hongo et 
al., arXiv 1309.2823 (2013); Yee & Yin, PRC 89 (2014)].

§ Larger elliptic flow for positively charged than for negatively 
charged particles, leading to negative v2 splitting. 16



§ Lorentz force leads to negative slope parameter.
§ The positive slope parameter (r = 1%) without LF is smaller than 

experiment data (r = 3%). 17

Charge asymmetry dependence of v2 splitting
Sun & Ko, PRC 94, 045204 (2016); 95, 034909 (2017)



§ Flow is larger in z-direction because of initial narrow size in z-direction.
§ Lorentz force leads to different v1 for positively and negatively charged 

particles.
§ Elliptic flow is larger for particles in upper left and lower right 

quadrants. 18

Effect of Lorentz force on charge distribution
µ

T
=

NR �NR̄ + NL �NL̄

NR + NR̄ + NL + NL̄



Vorticity in relativistic heavy ion collisions Jiang, Lin & Liao, 
PRC 94, 044910 (2016) 
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§ Average vorticity decreases with time, decreasing impact parameter, 
and increasing collision energy.

~! =
1

2
r⇥ ~v, h!yi =

R
d3~r [W(~r)]!y(~r)R

d3~r [W(~r)]
, W(~r) = ⇢✏(~r)

Based on AMPT



Chiral kinetic equation 
with both electromagnetic and vorticity fields

§ Coriolis force: Stephanov & Yin, PRL 109, 162001 (2012)
§ Covariant Wigner function:  Chen, Pu, Wang & Wang, PRL 110, 262301 (2013)   

dt

d⌧
@tfR/L +

dx
d⌧

·rxfR/L +
dp
d⌧

·rpfR/L = 0

dt

d⌧
= 1 ± Qb · B ± 4|p|(b · !)

dx
d⌧

= p̂ ± Q(p̂ · b)B ± Q(E⇥ b) ± 1
|p|!

dp
d⌧

= Q(E + p̂⇥B) ± Q2(E · B)b⌥Q|p|(E · b)b

± 3Q(b · !)(p · E)p̂

Three� dimensional Berry curvature b =
p

2|p|3 20



§ Finite eccentricity and elliptic flow splittings even when charge 
asymmetry is zero.

§ Elliptic flow splitting develops faster than in the presence of 
magnetic field only.

Time evolution of eccentricity and v2 splittings
with both vorticity and magetic field effects
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§ Lorentz force leads to larger elliptic flow for positively charged than 
negatively charged particles. 

Effect of Lorentz force on time evolution of 
eccentricity and v2 splittings

22



§ Large elliptic flow splitting when charge asymmetry is zero.
§ Lorentz force destroys chiral effects. 

Charge asymmetry dependence of v2 splitting

23
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Chiral magnetic effect in isobaric (Zr+Zr and Ru+Ru) collisions

§ Magnetic field can lead to electric current in the presence 
of non- vanishing axial charges → charge separation 

§ Based on Anomalous-Viscous Fluid Dynamics (AVFD) 
with magnetic field parametrized by a Lorentzian function 
and having strength B0 determined by spectator protons and "# = 0.6 fm/c.

§ Initial axial charges are estimated using the chirality imbalance arising from 
gluonic topological charge fluctuations in the early-stage glasma → ()

* ≈ 0.12 at
40-50% centrality.

J =
Ncµ5Q

2⇡2
B
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Shi, Jiang, Lilleskov & Liao, Ann. Phys. 394, 50 (2018)

./0 − .00 correlator (Voloshin)

�OS = hcos(�+(�) + ��(+) � 2 )i
�SS = hcos(�+(�) + �+(�) � 2 )i
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The R(�S) correlator

R(�S) =
Nreal(�S)/Nshu✏e(�S)

N?
real(�S)/N?

shu✏e(�S)

�S =

P
i sin(�

+
i � )

Np
�

P
i sin(�

�
i � )

Nn

?:  !  + ⇡/2
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§ Signal small with event plane
§ Effect plausible for long-lived B

!"# − !## correlator

% ∆# correlator (Lacey) 

§ Similar to that based on Anomalous-Viscous Fluid Dynamics (AVFD) [Shi et al., 
Ann. Phys. 394, 50 (2018); Magdy et al., PRC 98, 061902 (2018)].

p =
d
p

hN2
5 i/d⌘

dN/d⌘
⇡ 0.2
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Chiral magnetic effect from chiral kinetic approach Sun & Ko, PRC 98, 014911 
(2018)

Probability for quark helicity '( = *+(,
-



Magnetic lifetime dependence of chiral magnetic effect 

§ Chiral magnetic effect is sensitive to the lifetime of magnetic field 
even in the presence of appreciable initial axial charge fluctuations.
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Multiplicity up-down asymmetry Sun & Ko, PLB 789, 228 (2019)

dN±
d�

/ 1 + 2v2 cos(2�� 2 RP)+2(aCVE ± aCME) sin(�� RP)
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In the presence of both magnetic and vorticity fields and with net
axial charge density, azimuthal angle distribution of charged particles

Considering both positively and negatively charged particles leads to
a multiplicity up-down asymmetry !"#$ = sin) = !*+,
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§ Multiplicity up-down asymmetry event distribution 

A =
NU �ND

NU +ND
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NU and ND are numbers of particles with momenta 
pointing towards upper and lower hemispheres of a 
collision

It has a concave shape that vanishes at A=0 and has a width equal to !"#$%&
as expected for a large number of uncorrelated particles in an event.
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§ Ratio of multiplicity up-down asymmetry distribution to that of 
random distribution 

• Width of the distribution is sensitive to the value  of axial charge 
fluctuations in quark matter.

• Chiral separation effect due to the triangular anomaly 
[Son & Surowka, PRL 103, 191601 (2009)]? 

p =
d
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hN2
5 i/d⌘

dN/d⌘
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Summary
§ Magnetic field generated in non-central relativistic heavy ion collisions is 

large but short-lived.

§ In the presence of long-lived magnetic field chiral transport study shows that
- Chirality changing scattering is essential for generating different 

eccentricities and v2 splittings between particles and antiparticles.
- CMW enhances v2 of negatively charged particles and leads to

a positive slope parameter in Δv2/A±.  Including also CVW leads to   
nonzero v2 splitting at zero charge asymmetry.

- Lorentz force enhances v2 of positively charged particles and 
leads to a negative slope parameter or destroys the effects due
to CMW and CVW

- there is a difference in the chiral magnetic effect (charge separation)   
in collisions of isobaric nuclei Zr+Zr and Ru+Ru. 

§ Large and long lived vorticity field generated in noncentral HIC can lead to an 
up-down asymmetry of produced particles if axial charge fluctuations are 
present in the produced quark matter. 30


