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Outline: QCD phase structure

 Chiral crossover at zero and small μB

A. Bazavov, HTD, P. Hegde et al. [HotQCD], 
Phys. Lett. B795 (2019) 15 (arXiv:1812.08235)

 Chiral phase transition temperature
HTD, P. Hegde, O. Kaczmarek et al.

[HotQCD], arXiv:1903.04801, PRL in press

 QCD transition in external B
Xiao-Dan Wang (汪晓丹丹) et al.,   

work in progress & arXiv: 1904.01276

HTD, F. Karsch, S. Mukherjee, arXiv: 1504.05274 
Int.J.Mod.Phys. E24 (2015) no.10, 1530007
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h ̄ i

T

Crossover transition temperature Tpc 
 in the real world

 Chiral phase transition: most likely 2nd order, 3d O(4)

3

Ejiri et al., PRD 80(2009)094505, 
HTD et al. [HotQCD], arXiv:1903.04801…

 Crossover nature of the transition

 A well-defined chiral crossover transition temperature: 
based on scaling properties of QCD

T

Tpc:  
inflection point

Tpc: 
 peak location

�dis

HTD, P. Hegde, O. Kaczmarek et al. 
[HotQCD], arXiv:1903.04801, PRL in press

u,d,s
u,d,s
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Scaling behavior of chiral observables

4

⌃(T, µB) ⇠ m1/� fGchiral condensate:

chiral susceptibility: �⌃(T, µB) ⇠ m1/��1 f�
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Well-defined notation of  chiral crossover transition temperature

5
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 m=0: all these susceptibilities diverge at a unique T

 m=/=0: non-unique temperatures, crossover
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QCD transition with mπ =140 MeV at µB=0

Tpc =156.5(1.5)MeV
Higher precision in the continuum limit:
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A. Bazavov, HTD, P. Hegde et al. [HotQCD], Phys. Lett. B795 (2019) 15

Previous results: Tpc =155(9) MeV, [HotQCD] PRL 113(2014)082001
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Order Parameter Susceptibility at µB=/=0 

No indication of a stronger transition at larger µB 

A. Bazavov, HTD, P. Hegde et al. [HotQCD], Phys. Lett. B795 (2019) 15
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Crossover,  line of constant physics & freeze-out

curvature at constant b: 

0.006  b
2  0.012, b = P, ✏, s

Bielefeld-BNL-CCNU, PRD95 (2017) no.5, 054504
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curvature of crossover line 
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A. Bazavov, HTD, P. Hegde et al. [HotQCD],  
Phys. Lett. B795 (2019) 15
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Radius of convergence  
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The Radius of Convergence corresponds to a critical point 

only if all 𝛘n >0 for all n>n0

Taylor expansion of the pressure:
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Estimates of the radius of convergence  

radius of convergence = lim
n!1

r�2n = lim
n!1
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���
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A QCD critical point is disfavored at µB/T≲ 2 at 
T≳135 MeV

A. Bazavov, HTD et al., [Bielefeld-BNL-CCNU], Phys.Rev. D95 (2017) no.5, 054504

HISQ + Taylor Exp. (this work): 
Nf=2+1, Nt=8

Bielefeld-BNL-CCNU, 
PRD 95 (2017) no.5, 054504

unimproved staggered + Reweighting:
Nf=2+1, Nt=4 

Fodor and Katz, JHEP 0404 (2004) 050

unimproved staggered + Taylor Exp.:
Nf=2, Nt=4,6,8 

Datta et al., PRD 95 (2017) 054512

stout +  Img. mu:
Nf=2+1,Nt=8

D’Elia et al., PRD 95 (2017) 094503
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Columbia plot:

 At physical point: cross over, 
Tpc = 156.5(1.5) MeV

 Critical lines of second order transition
    Nf=2:  O(4) universality class
    Nf=3:   Ising universality class Karsch, Laermann, 

Schmidt PLB ’04,...

Kogut & Sinclair, PRD ‘06

HotQCD, arXiv:1812.08235

QCD phase diagram in the quark mass plane
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 Nf=2(+1): UA(1) remains broken at T𝜒SB
JLQCD ’13,’14,’15,  HotQCD ’13,’14

Pisarski & Wilczek PRD ’84

Towards the chiral limit:
 Nf=2+1 QCD: ms  ?  ms

tri phy

 Fundamental scale of QCD: chiral Tc0 ?
 Relation between chiral Tc0  and TCEP
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QCD Phase Diagram
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Towards chiral limit of (2+1)-flavor QCD 
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 HISQ/tree action

 Nf=2+1:

mπ ≈160,140,110,90,80,55 MeV
 ms   /ml  = 20, 27, 40, 60, 80

phy

 7≥Ns/Nt ≥4  ⇔  5 ≳ mπ L ≳ 3

 Nt=6,8,12 

,160

This allows us to perform  
infinite volume, continuum and then chiral extrapolation!
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Quark mass and volume dependences of 
chiral susceptibility

 Susceptibility increases as ml1/δ-1+const, here δ≃4.8 

 Peak height of susceptibility slightly changes with Volume

 Consistent with a continuous phase transition with O(N) 
universality class in the chiral limit of ml
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Quark mass and volume dependences of 
chiral susceptibility

 Susceptibility increases as ml1/δ-1+const, here δ≃4.8 

 Peak height of susceptibility slightly changes with Volume

 150

 200

 250

 300

 350

 400

 450

 500

 550

 125  130  135  140  145  150  155  160  165  170

χM

T [MeV]

Nτ=12

ms/ml=80

Ns=48
Ns=60
Ns=72

 Consistent with a continuous phase transition with O(N) 
universality class in the chiral limit of ml

 0

 100

 200

 300

 400

 500

 600

 700

 130  135  140  145  150  155  160  165  170  175  180

χM

T [MeV]

mπ [MeV]ms/ml

Nτ=8

20   160

27   140

40   110

80     80

160     55



/2415

A novel approach to estimate Tc
0
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Things need to be taken care of

• Thermodynamic limit 

• Continuum limit 

• Chiral limit

Singular Regular

TX(H,L) = T
0
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zX(zL)

z0

◆
H

1/��

◆
+ cXH

1�1/�+1/��
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 124  126  128  130  132  134  136  138

T0
c [MeV]

(1)V→∞, O(4); (2)a→0; (3)m→0

(1)V→∞, Linear; (2)a→0; (3)m→0

(1)V→∞ & m→0 combined O(4); (2)a→0

(1)V→∞, O(4); (2)a→0; (3)m→0

(1)V→∞, Linear; (2)a→0; (3)m→0

(1)V→∞ & m→0 combined O(4); (2)a→0

Nτ=6,8,12

Nτ=8,12

from Tδ (Squares); from T60 (Circles)

 T60 and Tδ give consistent results

  About 25 MeV lower than Tpc at the physical point!

T 0
c = 132+3

�6 MeVChiral phase transition temperature: 

HTD, P. Hegde, O. Kaczmarek et al.[HotQCD], arXiv:1903.04801, PRL in press

  Indication of TCEP ≲ 132 MeV 
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Expansion coefficients of net electric charge fluctuations 

 In the scaling regime, two derivatives wrts μB ∝ one derivative wrt T

�BQ
42 Irregular sign change seen at T>Tpc in 

 Irregular sign change expected  at T≳ 135 MeV in �BQ
62

  More support for TCEP < Tc0
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Inverse magnetic catalyses v.s. Tc(B)

19

Bali et al., JHEP02(2012)044
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QCD in the external Magnetic field

20
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quenched Wilson/dyn stout results  
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Bali et al PRD97, 034505 (2018)  
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QCD in the external Magnetic field
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eB dependences of neutral pseudo mesons
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 Mass decreases as eB grows 

 Lighter mesons are more influenced by magnetic field

Xiao-Dan Wang(汪晓丹丹), HTD et al, Lattice 2019
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 At eB ≲ 0.5 GeV2 mass of charged particle well described by 
LLL approximation:

Xiao-Dan Wang(汪晓丹丹), HTD et al, Lattice 2019

m2(B) = m2(B = 0) + (2n+ 1)|qB|

eB dependences of charged pseudo mesons



/2423

QCD superconductivity induced by magnetic field ?  
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NJL model:

QCD inequality:

No rho condensation is observed

Chernodub, PRL106 (2011) 142003

Y. Hidaka and A. Yamamoto ,  
Phys. Rev. D 87 (2013) 094502

Xiao-Dan Wang(汪晓丹丹), HTD et al, Lattice 2019
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Conclusions
 chiral crossover temperature is determined with better precision, 

i.e. Tpc = 156.5(1.5) MeV, while chiral phase transition temperature is 
determined to be about 25 MeV smaller, i.e. Tc

0 =            MeV 

Negative 6th order cumulants, radius of convergence and the low 
chiral phase transition T suggests that a possible existing critical end 
point can only be found at TCEP  ≲135 MeV 

 Decreasing of Tpc with B may be relevant with the reduction of 
neutral pion mass. No condensation of rho is found.

谢谢！

Thanks for your attention!

132+3
�6
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Volume scaling fit at a fixed quark mass H

Tδ:  Infinite V limit → continuum limit → chiral limit
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Volume scaling fit at a fixed quark mass H

Tδ:  Infinite V limit → continuum limit → chiral limit
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Tδ:  Infinite V limit → chiral limit → continuum limit

Joint volume scaling fit with all quark masses

Nt=6,8&12 Nt=8&12

V→∞, H→0, a→0 132.9(6) 128.6(1.1)
V→∞, a→0, H→0 132.8(1.4) 130.6(2.4)

 Chiral and continuum limits are Interchangeable
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chiral phase transition and universal scaling
Behavior of the free energy close to critical lines

f(m,T)=h1+1/δ fs(z) ,             z=t/h1/βδ

fs(z): universal scaling function, O(N) etc.
h: external field, t: reduced temperature, β,δ: universal critical exponents

Magnetic Equation of State (MEoS):
h= 1h0
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Chiral phase transition temperature Tc
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Consistency of QCD chiral phase transition with 
O(N) universality class
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