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Motivation

• Higgs

• Found at LHC in 2012, H(125) is a Spin-0 SM-like particle

• Indirect probe to New Physics

• 𝑯𝒁𝑽 vertex     ( 𝑉 = 𝑍∗ or 𝛾∗)
• decay and production *
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* The CEPC Study Group.... arXiv: 1809.00285



Motivation

•𝑯𝒁𝑽 vertex     ( 𝑉 = 𝑍∗ or 𝛾∗)

• Decay : 𝐻 → 𝑍 𝑍∗ → 𝑍 + 2𝑙

• Production : 𝑒+ + 𝑒− → 𝑉 → 𝑍 + 𝐻
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Motivation

• NNLO 𝓞(𝜶𝜶𝒔) corrections  (EW-QCD)

• Two-Loop ( quark loop and gluon loop )

• Four Scales ( V , Z,  H and Q)

• Three independent dimensionless variables

• Hard to calculate,  in both analytic and numerical way.

• We first give the fully analytic results up to weight-3 in terms of 
multiple polylogarithms, by using the Differential Equations method.
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Solve the Integrals

• Workflow

• IBP to a set of master integrals

• Canonical-form Differential Equations

• Solution

• Power series at 𝜖

6



Integration By Parts (IBP)

• Process include huge amounts of integrals

• IBP give a set of linear relations of integrals in a given family.

•

• A max set of independent Integrals are called Master Integrals(MIs).

• Auto-computer algebra program : FIRE5 *

• Huge amounts of integrals → much less MIs
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* A. V. Smirnov FIRE5: A C++ implementation of Feynman Integral Reduction.ArXiv:1408.2372



•

•

•
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Differential Equations



•

•

•
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Canonical form of DE

* Kuo-Tsai Chen. Iterated path integrals. https://projecteuclid.org:443/euclid.bams/1183539443

* *    A. B. Goncharov, Math. Res. Lett. 5, 497 (1998)  arXiv:1105.2076



• IBP to only 5 master integrals

• Canonical basis for differential equation
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Example : One-loop triangle integrals



• Four square roots
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0 0 0 0 0
𝑑 log 𝛽 𝑥 /4 −𝑑 log(1 + 𝑥) 0 0 0

𝑑 log 𝛽(𝑦 ) /4 0 −𝑑 log(1 + 𝑦) 0 0

𝑑 log 𝛽 𝑧 /4 0 0 −𝑑 log(1 + 𝑧) 0

0 −𝑑 log(
𝑥 𝑥 − 𝑦 − 𝑧 − 𝑅1 𝑥 𝑅2
𝑥 𝑥 − 𝑦 − 𝑧 + 𝑅1 𝑥 𝑅2

) ⋯ ⋯ ⋯

𝑑𝐴 =

Example : One-loop triangle integrals



• Iterated integrals solution

• Boundary Conditions

• Only need to be solved up to weight 2 
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Example : One-loop triangle integrals



Solve the Integrals (Two-loop)

• IBP to 41 master integrals

• The canonical basis of MIs

• Need to be solved up to weight 4 

• Using the Symbol *
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Claude Duhr, Herbert Gangl, and John R. Rhodes. arXiv: 1110.0458



Symbol representation

• Maps the iterated integrals to their integration kernels

• Algebraic properties

• Shuffle product
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Weight 2 solution

• Integrable symbols

• Simple example

15

𝑖 ≠ 𝑗 ≠ 𝑘 = 𝑥, 𝑦, 𝑧
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Weight 2 solution

• complex symbol

• parametrize the path  :  𝒕 𝒙



• The shuffle algebra ( without 𝑅2)
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Weight 3 solution



• Most symbols contain two 𝑅1 with 𝑅2

• For example  𝑅1 𝑥 , 𝑅1 𝑦 , 𝑅2(𝑥, 𝑦, 𝑧)
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Weight 3 solution

𝛽 𝑡𝑥 =
1 + 𝑣 𝑦 + 𝑥

1 + 𝑣 1 + 𝑣 𝑥 + 𝑦
𝛽 𝑡𝑦 =

1 + 𝑣 𝑥 + 𝑦

1 + 𝑣 1 + 𝑣 𝑦 + 𝑥



• Symbols contain all 4 square roots

• Cannot be rationalized simultaneously and solved analytically

• One-fold numerical integration

• Parameterize integration path 𝛾 with 𝒕 𝒙,  𝑡 ∈ [0,1]
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Weight 4 solution

Ԧ𝑓 4 Ԧ𝑥 = න
0

1

𝜕𝑡𝐴 𝑡 Ԧ𝑓(3) 𝑡 𝑑𝑡



Result

• Why analytic result  ???

• Accurate and fast

• Apply to any phase-point

• Investigate the behaviors in various asymptotic limit (to be done)
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Result

• Accurate and fast
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𝒔 = 𝟑𝟎𝟎 𝑮𝒆𝑽 𝒔 = 𝟓𝟎𝟎 𝑮𝒆𝑽

𝐺2,1,1,0,1,1,0 𝜖0 𝜖1 𝜖0 𝜖1

Analytic result 0.329941 0.081257
0.410898 + 

0.114525 i

0.103284 + 

0.399126 i

pySecDec * 0.329(9) 0.081(2)
0.410(9) + 

0.114(5) i

0.103(2) + 

0.399(1) i

Time for all 41 MIs
12 s 19 s

556 s 517 s

* S. Borowka et al. pySecDec... arXiv:1703.09692



Result

• 𝑒+ + 𝑒− → 𝑉 → 𝑍 + 𝐻
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Result

• 𝑒+ + 𝑒− → 𝑉 → 𝑍 + 𝐻
• Top 
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Fig1 : NNLO 𝒪(𝛼𝛼𝑠) corrections from top quark loops to 

the 𝑒+𝑒− → 𝑍𝐻 production cross sections.



Result

• 𝑒+ + 𝑒− → 𝑉 → 𝑍 + 𝐻
• Top + Bottom
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Fig2 : Relative corrections from bottom quark loops



Result

•𝐻 → 𝑍 𝑍∗ → 𝑍 + 2𝑙
• Top + Bottom
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Fig3 : NNLO 𝒪(𝛼𝛼𝑠) corrections differential decay rate 

as a function of the lepton pair invariant mass M, 

including both top and bottom quark contributions



Summary

• We give the fully analytic result up to weight-3 of Two-loop 
triangle integrals with 4 scales for the 𝑯𝒁𝑽 vertex .

• The analytic result we get is accurate and fast

• We use our analytic result to calculate the 𝑒+𝑒− → 𝑍𝐻
production cross section and the 𝐻 → 𝑍 𝑍∗ → 𝑍 + 2𝑙 decay width.
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Thanks!

Yuxuan Wang


