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Hadron production at eTe™ colliders
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Figure: Luminosity and sample event yields at
the CEPC[CEPC conceptual design report, 2018]
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Event shape observables

@ Event shape observables were
designed to obtain useful
information from the large
number of qq events.

@ From experiment side, being
only composed of kinematics of
final state particles, they are
easy to extract from data.

@ From theory side, they are
designed to be infrared and
collinear safe therefore can be
reliably calculated in pQCD.
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see also last talk of WanLi Ju

@ Can be used to extract o by

comparing theory and data.
Study of hadronization effects.

For example, Thrust T" [Brandt et
all., 1964; Farhi, 1977], C-parameter
[Parisi, 1978; Donoghue et al, 1979; Ellis,
1981], wide Byy and total Br jet
broadenings [Rakow and Webber,
1981; Ellis and Webber, 1986; Catani et
al., 1992], normalized heavy jet
mass M% /s [clavelli, 1979], the
energy-energy correlations
(EEC) [Basham et al, 1978]
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Event Shapes in the Dijet limit

@ At lepton colliders, event shape
observables in the dijet limit have
been well studied, to NNLO and N3LL
accuracy [Ridder et al, 2007; Weinzierl,
2008, 2009; Becher et al, 2008; Abbate et
al, 2011; Chien et al, 2010; Hoang et al,
2014].

@ Determination of a5 from
thrust[Abbate, et al., 2010]
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see also last talk of WanLi Ju

@ A typical two jets event from LEP

@ Determination of as from
C-parameter [Hoang et al., 2015 |
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Event Shapes in the Trijet Limit

@ However, only a few event shapes in
the trijet limit were studied.

@ Thrust minor T}, [Banfi et al, 2001]

@ D-parameter: the three-jet coplanar
region was studied[Banfi et al, 2001];
And recently all regions of D — 0
were studied to perform the full
resummation up to NLL[Larkoski and

Procita, 2018]
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Why a new event shape: three-point energy correlation

Allow an all order factorization formula in the coplanar limit
Ingredients of factorization formula known to higher orders
Allow us to get NLO+ NNLL accuracy

Allow an operator definition, can be conveniently used to study
non-perturbative effects
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Review of the EEC

The Energy-Energy Correlation (EEC) is defined as [Basham et al, 1978

e 2]

which measures the correlations of energy deposited in two detectors
separated with angle .

EEC =

(cos x — cosb;j),

igure from [Moult and Zhu, 2018
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From CMB to Colliders

@ In the research of the Cosmic
Microwave Background (CMB),
two- and three-point correlation
functions were studied

@ Instead of only one universe at the PSS
CMB, we have numerous events at Figure: CMB [Wikipedia]
the lepton colliders

@ There exists color evolutions of

multiple Wilson lines and therefore
more differential structures at the

colliders.

@ The general form of three-point
correlations is a multivariable Figure: One Event at the Lepton
function Collider
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Definition of the ETPC

o We define a NEW observable, the Energy Triple-Product Correlation
(ETPCQ), it can be defined as a straightforward generalization of EEC

E;E;E
Z/d ks d(cos x1—cos 0;5)6(cos x2—cos ;)6 (cos x3—cos Oj,).

Q3Utot
ijk

@ 4, j, k run over all the different final state particles
@ It depends on three variables x1, x2 and x3
@ It is not convenient to go on by using this definition

@ We seek a one variable definition as a first step
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Definition of the ETPC

@ One variable definition of ETPC can be written as

1 d¥ E,E; Ek
ETPC = / Ty — Tiik) -
Otot dTp Z Q3Utot ( P Z]k)

ijk

o 7 = |(n; x 1) - Nyl is the volume of
the parallelepiped formed by 7;, 7; and
N which are unit vectors of three
momentum p;, p; and py of final state
particles

@ 7,5, — 0 corresponds that ¢, j, k are in
the coplanar limit [This work]
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The Relation between the ETPC and the D-Parameter

@ The D-parameter is product of three eigenvalues A1, Ao, A3 of the
spherocity tensor ©,5 = ézz B8 |, B is the spatial component
of four momentum [Parisi, 1978; Donoghue et al, 1979]

@ In the case all the final particles are massless
D =271 223

= %7 {0 + X2+ Xs) [(A + A2+ X3)* =3 (AT + A3+ A3)] +2 (A + 25 +A3)}
2 (rro[(Tr0) - 37707 + 27r6°)

_ Z|pz><py Pl
E;E;Ey

'L<]<k

Q3 Z EiE; Byt

i<j<k

@ The average of the D-parameter is the third moment of the ETPC
9
(D) = 3 / dr, 2 ETPC (1)
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Trijet Coplanar limit

@ The coplanar limit also contain collinear
or back-to-back configurations, in this
work, we only consider trijet coplanar
limit, this means the coplanar three jets
are well separated.

@ In the work of [Banfi et al., 2001], the trijet
resolution variable y3 is required to be
larger than a parameter

Y3 > Yeut

@ ys3 is defined to be the minimum value
of ypp according to the kr (Durham)
algorithm [Catani, 1991]

Figure: Trijet Coplanar Limit

Yhy! = 2 (1 — COS th/) min (Ei2w E%/) /Q2
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Trijet Coplanar Limit for the ETPC

For the ETPC, we apply two methods to approach the trijet coplanar

limit

1 In each event, choose the three particles set {i, j, k} such that

sin@;; > acut, sinbjp > acur, sinby; > acu

where 0 < eyt < § is a parameter that control the size of the

allowed phase space.

Tong-Zhi Yang (Zhejiang University)
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Trijet Coplanar Limit for the ETPC

2 Use the k7 algorithm to find three jets, we keep the event only if
Y3 > Yeut, and modify the definition of the ETPC to

> / BB )
Ty — Tij
EJlEJQEJ3UtOt b gk

i€y
Jj€J2
keJs 10
) 0.8
where Jq, Jo, J3 denote three jets.
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Using PYTHIAS8

Aeyt — 0.6

2

Turn on/off hadronization

Preliminary!

Use PYTHIAS8.2 [Sjsstrand et al., 2015] to generate events

The hadronization effect is roughly é—dependent

PYTHIAS
Q=912 Gev, 4 =0.6

..+ Hadronization off

Hadronization off
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Using PYTHIAS8.2 Preliminary!

@ Yeut = 0.1

PYTHIA
Q=912 Gev, =01

PYTHIAS
Q=125 Gev, =01

Laz
s

@ This Pythia results can only be used as a reference.

@ Pythia only contains lowest order hard matrix element, et e™ — g
here, and LL resummation.

@ Pythia can not estimate the scale uncertainty.
@ We seek an analytical method to study ETPC in the coplanar limit.
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Factorization

An all order factorization formula in the coplanar limit

1 do
00 dTp

/dvde/ —2008 (b1p /&) STz,
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Factorization: Kinematics

There are two sources dominate the ETPC in the trijet coplanar limit

@ The recoil effect of soft radiations.

o \ [
4y N Ry _apiy
Esgal o
P

@ The soft radiations don’t change the
energy of three jets, only make the
three jets deviate the trijet plane
slightly in the opposite direction.

Tong-Zhi Yang (Zhejiang University)

@ Collinear fragmentation

@ The final state hardron

carrys longitudinal fraction
momentum zlh from it's
parent jet, i.e. k' = 2lp;.
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Factorization: Kinematics

There are two sources dominate the ETPC in the trijet coplanar limit

@ The recoil effect of soft radiations.

71 % po || Fla

By b5l oh

(2
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@ Collinear fragmentation
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The Factorization Formula

1 do h h h
T /D dvdw H(v,w, 1)) / dl', / k", / dk., / dks.y

ijk
h h 1.h
i,y ky’ Yy o4 l”kf.,y _k

h h h 'Sy
2y Zj zy

)

h h h h h h
X Fl—)i(ki7y7 2o M V)F2—>j (k]’,y7 255 V)F?)—)k(kk;,yy Rl s My V) =+ power corr.,

X /dzzhdz?dz,’; 202 21t S (ks s 1 v) 0 (Tp —<

o u=(p1+p2)*v=(p1+p3)° w=(p2+p3)% i, j, k belong to the
three different jets; oy, is the born cross section for ete™ — qq

D The domain of the integrals, constrained by the phase space cuts
H The hard function

S The soft function
F TMD fragmentation functions

1
4zp Ne

+ o
Faoon () = e 32 [ G e 01,01 X ) 1 O KO0
X
¢ = (&%, ibo/v,b,0)
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Factorization Formula

Use Fourier representation of delta function, Fourier transformed TMD FFs and TMD SF

1 5 _ Z, Y 5 _ ks
( ) T 5 f Zjh Z}}: Y

[ L
/LQ cos(bt /&) exp {zb ( i 5,y> },
Z; Zj Zk:

b b
(2) F’ij(;’zivﬂvy) = /dkg,iexp (Z;kﬁy)Fij(kﬁyaziau’ V)7
3) S(b ) = / by exp (ibs.y)S(ko.ys 1 1),

We rewrite the factorization formula as
Uibi‘; :/ dvdwH (v, w, jt Z/—zm bT/E)/dzidzjdzk,

b b b
(zizjzk)s(b'/ My V)Fil(;,Zi,/h V)F]?(;'/ Zjy Iy V)Ef‘(z,*zkwﬂv V)'
1 J .
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Simplicity of the Factorization Formula

By operator product expansion, the TMDFF can be written as the convolution of the
standard FF and matching coefficient

b b
Fhl(;,zh,/ﬁ,l/) = th/m(zh) ®Im1(z,zh) (14 0(Agepd?)) -

Using the following equation

Z/dZiZiFil(g,Zi“u,I/) :Z/dzzzz/ddexlfz/m(xl)Iml(Ti,Tm)é(zlme:rl)

= Z/dTmeIm1(%,Tm){ Z/dlzlzfz/m(h) = 1}
= Z/dTmeIml(%,Tm)E J1(b, p, v),

we simplify our formula to

1 do

" " db
20— [ dvdot(v,wp) [ 57205 (bm/€) S(byas )Ty (b, sv) Ty (0 ) Ty (1)
60 dtp D 21€
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Hard Function: process dependent part

The hard function incorporates virtual correlations for ete™ — 3 Jets

@ NLO [ Eliis et al., 1981; Fabricius et al.,
1981]

/7 | 3

o NNLO(fOI’ future WOI’k [Garland et all., 2001]

W@M

Tong Zhl Yang (Zhejiang University) July 2, 2019 23/33

e LO



Jet Functions: process independent

The jet functions encode the collinear fragmentations, they are universal
and same as for EEC [Moult and Zhu, 2018].

) NNLO(RR) [I\/Iing—xing Luo et al., appear soon]

=N

(] NNLO(RV) [Ming-xing Luo et al.,

appear soon]

e NLO

L--2------1
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The soft function: process independent
S (ng, ng, ng, be) = tr(0|T [V, YooYy (0,b,,0,0)] T [qu Y, ¥,(0,0,0, 0)]]|0>

Figure: The spatial structure of the ETPC soft function. Each set of Wilson lines
lies in the trijet plane, and their relative displacement is perpendicular to the plane

@ Use the exponential regulator to deal with the rapidity divergences |Li
et al., 2016]

/ d'k0 (K°) 6 (k*) — / Ak (K°) 6 (k) e 277" |y ==
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Soft function: Factorization

In general, soft functions involve correlations of multiple Wilson lines and are very
complicated. In our case, the soft functions factorize into multiplication of three dipole
soft functions(at least to two loops)

S (n(la Ng, Mg, ba, H, V) = S(Z(f (b-’177 My Vs Mgy qu) ng (bﬂfa Ky Vs Mg, ”Q) S(f.(] (b-’Pv My Vy Mg, n!/) )

this is the crucial reason that we can go to analytic high order calculations.

@ Impossible to construct scaling invariant variables from three light-like vectors.

@ NNLO(RR

@ NLO (RR)
Figure: Only involve two Wilson Figure: Can involve three Wilson lines, contribution
lines cancles when summing all diagrams together [Catani

and Grazzini, 1999]
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Soft function: Factorization

@ NNLO(RV)[Catani and @ Tree-level current
Grazzini, 2000]

©) Pl
I (q) = E Ty
—~ " pi-q

@ One-loop soft current

ph’ Y Pi Py ©

. b i j 7 "

ifabe 3 TVT) | —— — — P —
= pi-qa  pj-a) \(pia)(p;-q)

Color conservation T§ = —T}" — T and

-
|
|
|
|
|

§
|
|
|
|
'
|
|
|
|

Figure: The triple color
correlations vanish due to the
color algebra

ifape TETY(TF 4+ Tf) = —6;;C AT}

- if(:,br:TngTZC = _ifu,br:Tng(Tf + TQ() =0

Furthermore, S’” (ba pry vy miymy) = Sij (bm, v/ mg - nj/2>

where S;; the back-to-back dipole soft functions calculated to three loops|Li and Zhu, 2017].
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Renormalization Group Equations

dH Ca+2CF Q?
= us s)In — y <y s H7
s = | vy (@) 0 T 0 5,00)
dln S 2CF +Cy 2 Cy (1 —u)?u
din ,u2 = [ 2 (’Ycusp [045] In ﬁ — Vs [as] + T’Ycusp [Oés} In T
1-— 1—
+CF'Ycusp [as] In (U)’u&} s
2 2
dlnS 2Cp +Ca /bo/b dp? _
= —5 Ycus s T s [bo/b )
dns 20 ( L teusy (@[ + (0 o)
dJ; 1 (2p9)°
= | —=Civcuspl c il Js
din 22 < 5 CiYeusp I =75 + 77,
dJ; C: n? dpi?
= —5 Yeusp [as ()] — ¥ [as (bo/B)] | Ji -
dlnv? 2 (/1;3/1# > P

@ All the anomalous dimensions are known to at least three loops
@ RG invariant condition

~ Ca+2CF

VH = Vs 20— Vg =0
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Renormalization Group Evolution

Setting W= p; = bo/b, v=vj= Q,

bo/b

1

There is rapidity evolution for the soft function

Tong-Zhi Yang (Zhejiang University) July 2, 2019 29/33



Numerical Implementation

@ Apply the numerical code NLOJET++ [Nagy, 2001, 2003] to calculate
the fixed-order ETPC: 4-jet LO + (5-jet real + 4-jet virtual) NLO
@ Use two different settings:
Q acwt = 0.6 (sinb;; > acur, sinbjp > acyr, sinby; > acyt)
Q Yot =0.1 (y3 > ycut)
@ Verify our factorization formula by comparing the predicted singular
fixed-order results with NLOJET++

@ Resummation + power corrections
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Validation from NLOJET++ Preliminary!

@ Expanding the factorization formula with =, then integrate over b analytically

v as\2
dinry :/dedw{ (E) (01 lnTp+02)

as\3 3 2 2
+ o (csln” 1 + caln® 1, + csIn7y + c6) + O(7,) ¢

@ The predicted singular results of dffip is consistent with the full fixed-order results

given by NLOJet++, in the 7, — 0 limit. So our factorization formula is correct.

000}— e
£ a
= -0.05 E
=) =
% 3
g LO S
-0.10 EPTC — SNLO e o
————— LO singular 08 —
Een=91.2GeV, e*e™>3Jets, acu=0.6 g. L LO singular
----- SNLO singular Eem=912GeV, ' =3lets, yeu=0.1_____ sNLO singular
-0.1 _1.0
% -6 -4 -2 0 0% 6 —4 -2 0
In7, Int),
Qcyt = 0.6 Yeut = 0.1
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Resummation Preliminary!

Lo
NLO

‘\ NLO

= NLL+LO

= NLL+LO
mmm NNLL+NLO
= NNLL+NLO

\
$ 0.04 \ ETPC
\ Eem=91.2 Gev, e'e” - 3 Jets, Geu=0.6

y

=0.1

0.2 0.4 0.6 0.8 1.0

acut = 0.6 Yeut = 0.1

@ The fixed-order results are unreasonable in the 7, — 0 limit,
resummation is necessary in this region

@ The reduction of scale uncertainties from NLO to NNLL+NLO
@ The perturbative corrections from NLL+LO to NNLL+NLO are large
@ NLO LO do not overlap; NLL NNLL overlap, converge
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Conclusions

@ We initiated the study of a new event shape observable called the
Energy Triple-Product Correlation

@ Derived an all order factorization formula for the ETPC in the
coplanar limit

@ Presented the results of NNLL matching with NLO
Thank You!
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