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•  流夸克质量，Higgs.	
•  强子物理能标–	1	GeV		
				–	is	an	emergent	feature	of	the	Standard	Model	
						No	amount	of	staring	at	LQCD	can	reveal	that	scale	

	

什么是QCD？	
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什么是Dyson-Schwinger方程？	
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DS方程能做什么？	
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candidate 
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TOP- 
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UP

ab-initio 
computation  
of interaction

infer 
interaction 
by fitting 
data

main ingredient 
in D/B SE

DB beyond RL

Lei	Chang	and	C.	D.	Roberts,	Phys.	Rev.	Lett.103	(2009)	081601;	
Lei	Chang,	Yu-xin	Liu	and	C.	D.	Roberts,	Phys.	Rev.	Lett.106	(2011)	072001	
	

	–	Interaction	predicted	by	modern	analyses	of	QCD's	gauge	sector	coincides	with	that	required	to	describe	ground-
state	observables	using	the	sophisticated	DSE	truncation	

什么制约DS方程只能是一个非微扰唯象（目前）？	

系统Power		Counting的缺失，非微扰本质	
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DSE相关研究三境界	

一，关于QCD模型无关的陈述	
	
二，利用能够追踪到QCD基本自由度本身、可
调控的模型，阐述与模型无关的陈述		
	
三，有一定QCD基础、但无法做到和QCD系统
连接的阐述 	

C.	D.	Roberts	
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Pion	PDA									进展一	

DB	

RL	

Conformal	QCD	•  Continuum-QCD	prediction:		
	marked	broadening	of	φπ(x),	which	owes	to	DCSB	

•  Scale	evolution	quite	slow		

Imaging	dynamical	chiral	symmetry	breaking:		
pion	wave	function	on	the	light	front,		
Lei	Chang,	et	al., 
Phys. Rev. Lett. 110 (2013) 132001 

extracted by the MEM from the above wave function data, and
the leading twist PDA can be then obtained via Eq. (3).

Figure 4: Obtained PDA of π-meson and that of ηc-meson and the comparison
with previous results (φπ computed by the Nakanishi representation [5] (dashed
curve) and φηc calculated by brute-force procedure [7] (dot-dashed curve)). The
asymptotic form is also exhibited with dotted curve.

We have carried out calculations by choosing the same pa-
rameters ω = 0.5 GeV and Dω = (0.87 GeV)3 as the same
as those in Ref. [5] to produce the π-meson PDA; and ω =
0.8 GeV and Dω = (0.7 GeV)3 (the corresponding leptonic de-
cay constant of ηc is about 0.28 GeV) to calculate the ηc-meson
PDA. After setting this, the calculated Mbs for π and ηc are
0.138 GeV and 0.29 GeV, respectively. The regulated scales
are chosen to be the quark mass scale which are 0.35 GeV and
1.6 GeV, respectively.

In Fig. 2, we exhibit the obtained wave functions for π and
ηc meson with the extracted weight function compared with the
input Bethe-Salpeter wave functions. We can see the results are
compatible. The interesting thing is the behaviour of the ex-
tracted weight functions shown in Fig. 3. For pion, the weight
function g(γ, 1 − 2x) shows a δ function behaviour respective
to γ, which suggests that the one-variable Nakanishi-like repre-
sentation in previous work is very insightful. The previous work
based on such ansatz for pion’s PDA and form factors would be
appropriate. However, such a simple representation might not
be appropriate in heavy meson cases, as shown in the figure,
the weight function is a smooth function that extends to a large
scope. This behaviour means that the pion’s BS wave function
can be well described by the weight function at a fixed mass
scale, and recalling the BS equations, we can find that such a
behaviour might be owing to the behaviour of the interaction
kernel we employed here, for which is infrared constant.

With the extracted weight function, we then compute the P-
DAs of π and ηc meson. The presently obtained results via
MEM and the comparison with previous results are illustrated
in Fig. 4. The error band is given by varying the MEM param-
eters m0 = 0.1 ∼ 10 and Λ = 1 ∼ 30 GeV2. Such a behaviour
can Despite the slight uncertainties of the error band, the Fig. 4
shows apparently that the PDAs of the pseudoscalar mesons π
and ηc presently obtained via the MEM and DSE approach of

QCD match the previous results given in the same dynamical
method in the valence region very well and the slight differ-
ence in the middle region of x is tolerable. It is noticeable that
the previous results of PDAs are reconstructed from the Mellin
moments via some specific formula, Gegenbauer polynomials
for pion and the Gaussian behaviour for ηc. The most exciting
observation for pion’s PDA is that it confirms the concave be-
haviour as the prediction made in the previous work, and since
the PDA is obtained here without any assumed structure, such a
standpoint is quite conclusive. We also notice that at end points,
for both cases, the extracted PDAs are slightly larger than the
previous results. Such behavior at end points occurs in every
case we tried in MEM procedure, therefore, we cannot confirm
it as the real behavior of PDAs, and it is very probable that it’s
just an artificial phenomenon of the MEM procedure. With the
current choice of Ndata and assumed error σ our mock analy-
sis has shown that the MEM can reproduce the weight function
with an error of around 10%. The PDA can be well reconstruct-
ed, however, it is still difficult to extract further information,
for example, the meson’s light front wave function. The direct
improvement can be done by enlarging the size Ndata of input
data and also choosing different values of θ j, such work is in
progress. However, such a good agreement for the general fea-
tures of PDAs confirms the previous results on one hand and, on
the other hand, indicates that the MEM is efficient to determine
the PDAs.

4. Summary and Remarks. In this Letter we propose a
practical algorithm to determine the PDAs of mesons in the
framework of meson’s Bethe-Salpeter equation and Dyson-
Schwinger equation approach of QCD. The key point of our
new algorithm is to implement the MEM to extract the weight
function of the Nakanishi representation of the meson’s Bethe-
Salpeter wave function. The merit of the MEM is that one nei-
ther needs to rely on the limit knowledge of the Chebyshev mo-
ments of the meson’s Bethe-Salpeter amplitude to parameterize
the Nakanishi weight function (like previous π case) by special
form, nor has to be restricted by the limit number of Mellin mo-
ments (like previous ηc case) to suppose some special forms of
PDA. The potential advantage of MEM can be applied to find
the light-front wave function of meson when one has the Bethe-
Salpeter wave function in hand, which we will leave it for future
work. The MEM procedure might get in some trouble if the ex-
tracted weight function is not positive definite that might be the
case of PDA for scalar meson’s ground state and excited state,
and it will be solved by splitting the weight function into an odd
part zg1(γ, 1−2x) and an even part g2(γ, 1−2x). The difficulty of
this procedure is when the Bethe-Salpeter wave function is not
monotonous, the error will become very large. This problem in-
dicates that more complex structures are needed in addition to
the structure in Eq. (1). However, the equivalence of the three
methods mentioned above allows us to choose appropriate one
to analyze the PDA case-by-case.

Acknowledgments. Work supported by the Thousand Tal-
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ural Science Foundation of China with contract No. 11435001
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We propose a new numerical method to compute the parton distribution amplitude (PDA) from the Eu-
clidean Bethe–Salpeter wave function. The essential step is to extract the weight function in the Nakanishi 
representation of the Bethe–Salpeter wave function in Euclidean space, which is an ill-posed inversion 
problem, via the maximum entropy method (MEM). The Nakanishi weight function as well as the corre-
sponding light-front parton distribution amplitude (PDA) can be well determined. We confirm prior work 
on PDA computations, which was based on different methods.

© 2017 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

The parton distribution amplitudes (PDAs) of mesons, encoding 
the meson structure on the light front, play an essential role in the 
hard exclusive processes. The cross sections of the processes can 
be written as the convolution of the hard-scattering kernel which 
can be computed perturbatively, and the PDAs of the hadrons in-
volved [1,2]. The leading twist parton distribution amplitudes of 
mesons are defined by integrating out the transverse momentum 
k⊥ from the light front wave function, which are obtained through 
projecting meson’s Bethe–Salpeter wave function onto the light-
front.

Although some efforts have been made to calculate Bethe–
Salpeter equation (BSE) directly in Minkowski space (see, e.g., 
Ref. [3]) with a simple scattering kernel, many BSE calculations 
are still carried out in Euclidean space which are much easier to 
handle. The challenge in the Euclidean scheme is how to project 
the discrete Euclidean wave function data on the light-front to 
get light-front quantities. The Nakanishi representation of the wave 
function provides a natural way to solve this problem. This chal-

* Corresponding author.
E-mail address: leichang@nankai.edu.cn (L. Chang).

lenging question amounts to whether it is possible to compute 
the weight function of the Nakanishi representation if one has an 
appropriate solution of the BSE in Euclidean space. Nakanishi rep-
resentation was proposed in Ref. [4] to parameterize the relativistic 
two-particle bound state in Minkowski space.

Despite lacking a non-perturbative proof of uniqueness of the 
weight function in the Euclidean case, we suppose that the wave-
function can still be parametrized by the following similar form,

!(k, P ) =
1∫

− 1

dz

∞∫

0

dγ
g(γ ,1 − 2x)

(k2 + zk · P + 1
4 P 2 + M2 + γ )3

, (1)

where k2 > 0 is the space-like momentum and P 2 = − M2
bs with 

Mbs the bound state mass and M is an infrared regulated scale. 
The weight function g(γ , 1 − 2x) is a two-dimensional function in 
real space. The corresponding leading twist two-particle light-front 
parton distribution can be defined as

ϕ(x) =
∫

d4kδ(n · k − xn · P )!(k − P
2

, P ) , (2)

where n is the light-like vector n2 = 0. We neglect the possible 
spin structure for simplification at the moment. With the help of 

http://dx.doi.org/10.1016/j.physletb.2017.04.077
0370-2693/© 2017 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
SCOAP3.
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We present the first lattice-QCD calculation of the pion distribution amplitude using the large-
momentum e↵ective field theory (LaMET) approach, which allows us to extract lightcone parton
observables from a Euclidean lattice. The mass corrections needed to extract the pion distribution
amplitude from this approach are calculated to all orders in m2

⇡/P
2
z . We also implement the Wilson-

line renormalization which is crucial to remove the power divergences in this approach, and find that
it reduces the oscillation at the end points of the distribution amplitude. Our exploratory result
at 310-MeV pion mass favors a single-hump form broader than the asymptotic form of the pion
distribution amplitude.

PACS numbers: 12.38.-t, 11.15.Ha, 12.38.Gc

I. INTRODUCTION

Hadronic lightcone distribution amplitudes (DAs) play an essential role in the description of hard exclusive pro-
cesses involving large momentum transfer. They are crucial inputs for processes relevant to measuring fundamental
parameters of the Standard Model and probing new physics [1]. The QCD factorization theorem and asymptotic free-
dom allow us to separate the short-distance physics incorporated in the hard quark and gluon subprocesses from the
long-distance physics incorporated in the process-independent hadronic DAs. While the short-distance hard quark and
gluon subprocesses are calculable perturbatively, the hadronic DAs are intrinsically nonperturbative. To determine
them, we must resort to experimental measurements, lattice calculations or QCD models.

The simplest and most extensively studied hadronic DA is the twist-2 DA of the pion. It represents the probability
amplitude of finding the valence qq̄ Fock state in the pion with the quark (antiquark) carrying a fraction x (1� x) of
the total pion momentum. The pion lightcone distribution amplitude (LCDA) is defined as

�⇡(x) =
i

f⇡

Z
d⇠

2⇡
e
i(x�1)⇠�·P

h⇡(P )| ̄(0)� · ��5�(0, ⇠�) (⇠�)|0i (1)

with the normalization
R 1
0 dx�⇡(x) = 1, where the two quark fields are separated along the lightcone with �

µ =

(1, 0, 0,�1)/
p
2, and x (1 � x) denotes the momentum fraction of the quark (antiquark). The twist-2 pion DA can

be constrained from experimental measurements of e.g. the pion form factor [2], and then as an input can be used
to test QCD in, for example, ��⇤ ! ⇡

0 from BaBar and Belle [3, 4]. Some experiments proposed [5] at J-PARC
might also be of use. At large momentum transfer, the pion DA is well known to follow a universal asymptotic
form [6]: �⇡(x, µ ! 1) ! 6x(1� x). However, there have been some debates over the shape of the pion DA at lower

⇤Electronic address: jianhui.zhang@ur.de
†Electronic address: jwc@phys.ntu.edu.tw
‡Electronic address: xji@umd.edu
§Electronic address: ljin.luchang@gmail.com
¶Electronic address: hwlin@pa.msu.edu
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π valence-quark distributions
20 Years of Evolution

➢ 2010/09 … Reconsideration of data: 
Aicher et al., Phys. Rev. Lett. 105
(2010) 252003 

– Consistent next-to-leading-order 
analysis

➢ 2019/04 … Ding, et al. 
– Continuum QCD prediction, using 

bound-state approach that explained 
and predicted Fπ(Q2) etc.

➢ 2019/01 … Sufian, et al. 
– 1st exploratory lattice-QCD 

calculation, 
– using lattice-calculable matrix 

element obtained through spatially-
separated current-current 
correlations in coordinate space

– mπ
2 = 9 mπ

2-physical

ECT* - QCD at New Generation Facilities (pgs = 84)

Craig Roberts. DSEs in Hadroparticle Physics: Past, Present, and Future

70

0Modellers still insist on ignoring QCD 
& its symmetries

0Phenomenologists question analysis 
of Aicher et al. 

Large-x exponent and momentumζ = 5 GeV

Continuum … 2.7(1) & <2x> = 0.42±0.04
Lattice         … 2.5(6) & <2x> = 0.34±0.03

Pion	PDF	30年 								进展一	

•  1989…Conway et al. Phys. Rev.D 39 
(1989) 92 

        Leading-order analysis of Drell-Yan data 
 
•  2010...Aicher et al. Phys. Rev. Lett.

105 (2010) 252003 
         Consistent next-to-leading order anaylsis 
 
•  lQCD, model, ... 

•  2019/04...Ding, et al. 
         Continuum QCD prediction 

•  2019/01...Sufian, et al. 
         1st exploratory lattice-QCD calculation 
         Using lattice-calculated matrix element 
obtained through spatially separated current-
current correlations in coordinate space 

Sufian…extending lattice calculation on 
three other ensembles and the 
preliminary result gives an indication  
MORE COINCIDE.	
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Large	Momentum	Effective	Theory 

lQCD	result,	T.	Izubuchi	et	al,	arXiv:1905.06349.	
Valence	parton	distribution	function	of	pion	from	fine	lattice	
	
还不是时候	
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Meson Form Factor Data Evolution

1984 1997 2003 2004 2017+

JLab 6 GeV JLab 12 GeV

1981 1986 1976 1979 1971 

EIC

2025+1959 

Theory

• Extraction of meson form factor from data

• Electroproduction formalism

• Accessing the form factor through electroproduction

Experiment

Major progress on large Q2

behavior of meson form factor

Theory

Capability to reliably 
access large Q2 regime

T.Horn	

12

Fp +(Q2) and FK+(Q2) in 2018

� Factor ~3 from hard QCD calculation evaluated with asymptotic valence-
quark Distribution Amplitude (DA)
– Trend consistent with time like meson form factor data up to Q2=18 GeV2

[Seth et al, PRL 110 (2013) 022002]

� Recent developments: when comparing the hard QCD prediction with a pion 
valence-quark DA of a form appropriate to the scale accessible in 
experiments, magnitude is in better agreement with the data

[L. Chang, et al., PRL 111 (2013) 141802;  PRL 110 (2013) 1322001]

Hard QCD obtained with the PDA 
appropriate to the scale of the experiment

Hard QCD obtained with φπasy(x)

monopole
DSE 2013

[I. Cloet, et al., PRL 111 (2013) 092001]

[M. Carmignotto et al., Phys. Rev. C97 (2018) no.2, 025204]

Fp +(Q2) FK+(Q2)

Hard QCD

[F. Gao et al., Phys. Rev. D 96 (2017) no. 3, 034024]

Q2 (GeV2)
O↵-shell persistence of composite pions and kaons

Si-Xue Qin,1 Chen Chen,2 Cédric Mezrag,1 and Craig D. Roberts1

1Physics Division, Argonne National Laboratory, Argonne, Illinois 60439, USA
2Instituto de F́ısica Teórica, Universidade Estadual Paulista, 01140-070 São Paulo, Brazil

(Dated: 08 February 2017)

In order for a Sullivan-like process to provide reliable access to a meson target as t becomes
spacelike, the pole associated with that meson should remain the dominant feature of the quark-
antiquark scattering matrix and the wave function describing the related correlation must evolve
slowly and smoothly. Using continuum methods for the strong-interaction bound-state problem, we
explore and delineate the circumstances under which these conditions are satisfied: for the pion, this
requires �t . 0.6GeV2, whereas �t . 0.9GeV2 will su�ce for the kaon. These results should prove
useful in planning and evaluating the potential of numerous experiments at existing and proposed
facilities.

1. Introduction. The notion that a nucleon possesses a
meson cloud is not new [1]. In e↵ect, this feature is kin-
dred to the dressing of an electron by virtual photons in
quantum electrodynamics [2] or the existence of dressed
quarks with a running mass generated by a cloud of glu-
ons in quantum chromodynamics (QCD) [3–7]. Natu-
rally, any statement that each nucleon is accompanied
by a meson cloud is only meaningful if observable conse-
quences can be derived therefrom. A first such suggestion
is canvassed in Ref. [8], which indicates, e.g. that a calcu-
lable fraction of the nucleon’s anti-quark distribution is
generated by its meson cloud. Mirroring this e↵ect, one
may argue that a nucleon’s meson cloud can be exploited
as a target and thus, for instance, the so-called Sullivan
processes can provide a means by which to gain access
to the pion’s elastic electromagnetic form factor [9–13],
Fig. 1(a), and also its valence-quark parton distribution
functions (PDFs) [14–16], Fig. 1(b).

One issue in using the Sullivan process as a tool for ac-
cessing a “pion target” is that the mesons in a nucleon’s
cloud are virtual (o↵-shell) particles. This concept is
readily understood when such particles are elementary
fields, e.g. photons, quarks, gluons. However, providing
a unique definition of an o↵-shell bound-state in quantum
field theory is problematic.

Physically, for both form factor and PDF extractions,
t < 0 in Figs. 1, so the total momentum of the ⇡

⇤ is
spacelike.1 Therefore, in order to maximise the true-
pion content in any measurement, kinematic configura-
tions are chosen in order to minimise | � t|. This is
necessary but not su�cient to ensure the data obtained
thereby are representative of the physical pion. Addi-
tional procedures are needed in order to suppress non-
resonant (non-pion) background contributions; and mod-
ern experiments and proposals make excellent use of, e.g.
longitudinal-transverse cross-section separation and low-
momentum tagging of the outgoing nucleon.

1
We use a Euclidean metric: {�µ, �⌫} = 2�µ⌫ ; �5 = �4�1�2�3,
tr[�5�µ�⌫�⇢�� ] = �4✏µ⌫⇢� ; �µ⌫ = (i/2)[�µ, �⌫ ]; a · b =P4

i=1 aibi; and Pµ spacelike ) P 2 > 0.

1

FIG. 1: Triangle diagram for the form factor.

FIG. 2

I. MOMENTUM ASSIGNMENT

The definition of the form factor is shown in Fig. 1, where

k1 = k � P

2
, (1)

k2 = k +
P

2
� Q

2
, (2)

k3 = k +
P

2
+

Q

2
. (3)

Because of the momentum conservation, the triangle diagram has two independent momenta P and Q with

Pi = P � Q

2
, (4)

Pf = P +
Q

2
. (5)

The components of P and Q are defined as

P = (0, 0, P3, iP4), (6)

Q = (0, 0, Q3, iQ4), (7)

FIG. 1. Sullivan processes, in which a nucleon’s pion cloud
is used to provide access to the pion’s (a) elastic form factor
and (b) parton distribution functions. t = �(k � k0)2 is a
Mandelstam variable and the intermediate pion, ⇡⇤(P = k �
k0), P 2 = �t, is o↵-shell.

Notwithstanding their ingenuity, such experimental
techniques cannot directly address the following ques-
tion: supposing it is sensible to speak of an o↵-shell
pion with total-momentum P , where P

2 = (v � 1)m2
⇡,

m⇡ ⇡ 0.14 GeV, so that v � 0 defines the pion’s virtu-
ality, then how do the qualities of this system depend
on v? If the sensitivity is weak, then ⇡

⇤(v) is a good
surrogate for the physical pion; but if the distributions
of, e.g. charge or partons, change significantly with v ,
then the processes in Figs. 1 can reveal little about the
physical pion. Instead, they express features of the entire
compound reaction. Since there is no unique definition
of an o↵-shell bound-state, the question we have posed
does not have a precise answer. However, as will become
clear, that does not mean there is no rational response.

2. Pions: on- and o↵-shell. All correlations with pion-
like quantum numbers, both resonant and continuum,
are accessible via the inhomogeneous pseudoscalar Bethe-
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The approach described in Ref. [1] is used to compute properties of a pion-like meson with mass

m0�/GeV = 0.39 and its electromagnetic form factor on a spacelike domain that extends to Q2 .
10GeV

2
. This mass is chosen because it matches that used by the JLab lQCD Group.

FIG. 1. Elastic form factor of a pion-like pseudoscalar with

massm0� = 0.39GeV. Curves: Solid green curve within green

bands – our prediction: obtained with w = 0.5 ± 0.1GeV in

the interaction kernel (see Ref. [1] for details); long-dashed

green curve – single-pole vector meson dominance result ob-

tained with vector meson mass, m1� , computed consistent

with the form factor prediction, see Eq. (1); short-dashed

black curve within yellow bands – range of uncertainty in

single-monopole fit to lQCD results following from the error

on rlQCD
0� ; and dot-dashed blue curve within blue bands –

result from QCD hard-scattering formula, Eq. (2), computed

with the consistent meson decay constant and PDA, as pre-

dicted by the DSE analysis. For comparison, the dashed red

curve is the DSE prediction for the physical-pion. Red aster-

isks – JLab lattice results drawn from available presentations.

Members of JLab’s lQCD group (M.Chakraborty:
APS April Meeting 2018, Columbus, Ohio;
D.G.Richards: ECT⇤ Workshop on Parton Distri-
butions, September 2018) have recently spoken about
their preliminary results for the elastic form factor of a
pion-like meson with mass m0� = 0.39GeV. Using the
approach detailed in Ref. [1], we have computed this
form factor and related properties for such a meson with
this mass. Comparisons are presented here:

r0�/fm m1�/GeV f0�/GeV

DSE 0.58(1) 0.86+0.04
�0.02 0.109(1)

lQCD 0.55(10) 0.88+0.19
�0.13 ?

(1)

FIG. 2. Dressed-valence-quark distribution amplitude of

pion-like pseudoscalar mesons. Solid green curve within green

bands – prediction for m0� = 0.39GeV; long-dashed blue

curve within blue bands – prediction from Ref. [1] for the

physical pion; and dotted black curve – asymptotic profile,

'1(x) = 6x(1� x).

and in Figure 1. Evidently, within existing errors, the
JLab lQCD results confirm the DSE prediction. Miss-
ing at present is a lQCD result for f0� , but the DSE
prediction stands to be validated.
As background we recall that perturbation theory

in quantum chromodynamics [QCD] is applicable to
hard exclusive processes; and for almost forty years the
leading-order factorised result for the electromagnetic
form factor of a pseudoscalar meson has excited exper-
imental and theoretical interest. Namely [2–5], 9Q0 >
⇤QCD such that

Q2F0�(Q
2)

Q2>Q2
0⇡ 16⇡↵s(Q

2)f2
0�w2

0�(Q
2), (2)

where: f0� is the meson’s leptonic decay constant;
↵s(Q2) is the leading-order strong running-coupling

↵s(Q
2) = 4⇡/[�0 ln(Q2/⇤2

QCD)], (3)

with �0 = 11� (2/3)nf [nf is the number of active quark
flavours]; and

w0�(Q
2) =

1

3

Z 1

0
dx

1

x
'0�(x;Q

2) , (4)
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thought to be typical of PRL.  An article in PRL should meet one or more of four criteria.  As we have 
detailed above, our submission meets two of the four, viz. 

1. it solves, or make essential steps towards solving, a critical problem, 
2. and introduces new techniques or methodologies with significant impact. 

Moreover, it addresses the interests of a large community of specialists.  In consequence, we maintain 
that it is appropriate for the Rapid Communication section of Physical Review.  

 
Conclusion. 

With this note and the corresponding amendments of the submission, we have addressed in detail all 
issues raised by the referee.  We therefore submit the revised version for further consideration as a Rapid 
Communication in the Physical Review. 

Appendix: JLab results 

 

The lattice results in Figure 2 were drawn from a 
presentation by D. G. Richards at the ECT* Workshop on 
Mapping Parton Distribution Amplitudes and Functions.  
That presentation is available here  

https://indico.ectstar.eu/event/22/contributions/503/attachments/387/532/pion_pdf_richards.pdf  

Notably, in common with the Adelaide lattice-QCD results (Fig. 1C in our submission), the JLab results are 
consistent with our predictions.  The Glasgow results (Fig. 1D in our submission) alone appear to be 
inconsistent with physics expectations. 

 

Figure 2. Elastic form factor of a pion-like 

pseudoscalar meson with mass m0- = 0.39 GeV.  Red 

asterisks -- JLab lattice results drawn from the ECT* 

presentation by D.G. Richards.  Curves: Solid green 

curve within green bands -- our prediction, 

obtained using the methods described in our 

submission; long-dashed green curve --  single-pole 

vector meson dominance result obtained with 

vector meson mass, m1-=0.86 GeV, computed 

consistent with the form factor prediction; short-

dashed black curve within yellow bands -- range of 

uncertainty in single-monopole fit to lQCD results 

following from the JLab-quoted error on the 

meson’s radius; and dot-dashed blue curve within 

blue bands -- result from QCD hard-scattering 

formula, Eq. (1) in our submission, computed with 

the consistent meson decay constant and PDA, as 

predicted by the our analysis.  For comparison, the 

dashed red curve is the DSE prediction for the 

physical-pion, taken from Fig. 1A in our submission.   

Mass-dependence	of	pseudoscalar	meson	elastic	form	factors,		
Muyang	Chen,	Minghui	Ding,	Lei	Chang	and	Craig	D.	Roberts,		
arXiv:1808.09461	[nucl-th],	Phys.	Rev.	D	98	(2018)	091505	
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Calculation of chiral-symmetry breaking and pion properties as a Goldstone boson

Yuan-ben Dai, Chao-shang Huang, and Dong-sheng Liu
Institute of Theoretical Physics, Academia Sinica, P. O. Box 2735, Beijing, China

(Received 19 June 1990; revised manuscript received 5 November 1990)

A procedure for picking out the solution of the covariant Bethe-Salpeter equation corresponding
to that Goldstone boson in a spontaneous-chiral-symmetry-breaking theory is described under very
general assumptions. Physical quantities for chiral-symmetry breaking and the pion are calculated
with this procedure taking into account gluon ladder exchange and a covariant chiral-symmetric
generalization of the confinement potential. Satisfactory results are obtained with reasonable values
of the parameters.

I. INTRODUCTION

As is well known, phenomenological nonrelativistic
models based on extrapolation of an asymptotically free
one-gluon potential at short distances and a linear
confinement potential at large distances fit excellently the
heavy-quarkonioum spectra (see, e.g. , Refs. 1 and 2). The
potential in the range 0. 1—1.0 fm, where theoretical pre-
dictions are not available, is essentially fixed by experi-
mental data. With some relativistic corrections included
in the calculation, the same potential models can even
give satisfactory results for spectra of mesons composed
of light quarks except for the lightest 0 octet mesons
(see, e.g. , Ref. 2). These kinds of calculation, when ap-
plied to a pion considered as a bound state of quarks with
a constant constituent mass, usually give too large a value
for I . It has been realized that the failure of this ap-
proach to the lightest 0 octet mesons is due to the pecu-
liar feature of these mesons being simultaneously relativ-
istic bound states and Goldstone bosons. The approaches
which fail to incorporate this point cannot give a satisfac-
tory description of these mesons.
There have been a large number of works investigating

chiral-symmetry breaking in QCD-like theories with the
Schwinger-Dyson equation (see, e.g., Refs. 4—6). In Refs.
5 and 6, a scheme was first developed in which the
Bethe-Salpeter wave function of the pion was obtained
from a solution of the Schwinger-Dyson equation for a
dynamical quark mass. This scheme properly incorpo-
rates the Goldstone-boson nature of the pion. However,
the authors of these works made some approximations
which are good only for the nonrelativistic system. In
particular the authors of Ref. 5 used an instantaneous
Coulomb interaction and neglected the contributions of
transverse gluons. In Ref. 7, the effect of the transverse
gluon was considered with the retardation effect replaced
by an effective transverse-gluon mass. Since the pion is a
relativistic bound state, it is worthwhile to reanalyze the
problem with a relativistic formulation. In this article we
shall use the Schwinger-Dyson equation for a dynamical
quark mass and the Bethe-Salpeter equation for the pion
in their Lorentz-invariant form. The kernels of these two
equations are taken to be the same. In a previous note,
we have shown under very general conditions how to

pick out the solution of the Bethe-Salpeter equation cor-
responding to the Goldstone boson in a spontaneous
chiral-symmetry-breaking theory. Our scheme is essen-
tially a generalization of the procedure used in Refs. 5
and 6 to the full relativistic theory. We shall use this
scheme to the case of gluon ladder exchange with a run-
ning coupling constant, as well as to the case where a co-
variant generalization of the confinement potential is con-
tained in the kernel. A confinement potential of vector
type was considered in Refs. 6 and 7. The kernel corre-
sponding to the confinement interaction used by us is a
chiral-symmetric combination which contains a superpo-
sition of the vector and scalar confinement potential in
the v /c expansion. Physical quantities for chiral-
symmetry breaking and the pion, including quark dynam-
ical mass, quark condensate (Pg), pion decay constantf, and pion charge radius r, are calculated with these
solutions. We would like to investigate the possibility of
fitting the experimental data for chiral-symmetry break-
ing and the pion properties from realistic assumptions.
Therefore, we use Lorentz-covariant equations and try to
restrict the values of parameters within the region al-
lowed by other experimental data or theoretical con-
siderations.
In Sec. II we shall explain our method and write down

basic equations. Formulas used for calculating physical
quantities and numerical results will be presented in Sec.
III. These results will be discussed in Sec. IV.

II. BASIC ASSUMPTIONS AND METHODS

The same interaction kernel appearing in the Wick-
rotated Schwinger-Dyson equation for quark self-energy
and Bethe-Salpeter equation for quark-antiquark pair is
assumed to be of the form

I,.g I,. U, , t'=S, P, V, A, T,L,
where U; are Lorentz-invariant functions of momenta in-
volved, q is the momentum transfer of the quark, I", are
16 Hermitian Dirac matrices for i WL, and

I I =y q/+q
The Schwinger-Dyson equation takes the form
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to that Goldstone boson in a spontaneous-chiral-symmetry-breaking theory is described under very
general assumptions. Physical quantities for chiral-symmetry breaking and the pion are calculated
with this procedure taking into account gluon ladder exchange and a covariant chiral-symmetric
generalization of the confinement potential. Satisfactory results are obtained with reasonable values
of the parameters.

I. INTRODUCTION

As is well known, phenomenological nonrelativistic
models based on extrapolation of an asymptotically free
one-gluon potential at short distances and a linear
confinement potential at large distances fit excellently the
heavy-quarkonioum spectra (see, e.g. , Refs. 1 and 2). The
potential in the range 0. 1—1.0 fm, where theoretical pre-
dictions are not available, is essentially fixed by experi-
mental data. With some relativistic corrections included
in the calculation, the same potential models can even
give satisfactory results for spectra of mesons composed
of light quarks except for the lightest 0 octet mesons
(see, e.g. , Ref. 2). These kinds of calculation, when ap-
plied to a pion considered as a bound state of quarks with
a constant constituent mass, usually give too large a value
for I . It has been realized that the failure of this ap-
proach to the lightest 0 octet mesons is due to the pecu-
liar feature of these mesons being simultaneously relativ-
istic bound states and Goldstone bosons. The approaches
which fail to incorporate this point cannot give a satisfac-
tory description of these mesons.
There have been a large number of works investigating

chiral-symmetry breaking in QCD-like theories with the
Schwinger-Dyson equation (see, e.g., Refs. 4—6). In Refs.
5 and 6, a scheme was first developed in which the
Bethe-Salpeter wave function of the pion was obtained
from a solution of the Schwinger-Dyson equation for a
dynamical quark mass. This scheme properly incorpo-
rates the Goldstone-boson nature of the pion. However,
the authors of these works made some approximations
which are good only for the nonrelativistic system. In
particular the authors of Ref. 5 used an instantaneous
Coulomb interaction and neglected the contributions of
transverse gluons. In Ref. 7, the effect of the transverse
gluon was considered with the retardation effect replaced
by an effective transverse-gluon mass. Since the pion is a
relativistic bound state, it is worthwhile to reanalyze the
problem with a relativistic formulation. In this article we
shall use the Schwinger-Dyson equation for a dynamical
quark mass and the Bethe-Salpeter equation for the pion
in their Lorentz-invariant form. The kernels of these two
equations are taken to be the same. In a previous note,
we have shown under very general conditions how to

pick out the solution of the Bethe-Salpeter equation cor-
responding to the Goldstone boson in a spontaneous
chiral-symmetry-breaking theory. Our scheme is essen-
tially a generalization of the procedure used in Refs. 5
and 6 to the full relativistic theory. We shall use this
scheme to the case of gluon ladder exchange with a run-
ning coupling constant, as well as to the case where a co-
variant generalization of the confinement potential is con-
tained in the kernel. A confinement potential of vector
type was considered in Refs. 6 and 7. The kernel corre-
sponding to the confinement interaction used by us is a
chiral-symmetric combination which contains a superpo-
sition of the vector and scalar confinement potential in
the v /c expansion. Physical quantities for chiral-
symmetry breaking and the pion, including quark dynam-
ical mass, quark condensate (Pg), pion decay constantf, and pion charge radius r, are calculated with these
solutions. We would like to investigate the possibility of
fitting the experimental data for chiral-symmetry break-
ing and the pion properties from realistic assumptions.
Therefore, we use Lorentz-covariant equations and try to
restrict the values of parameters within the region al-
lowed by other experimental data or theoretical con-
siderations.
In Sec. II we shall explain our method and write down

basic equations. Formulas used for calculating physical
quantities and numerical results will be presented in Sec.
III. These results will be discussed in Sec. IV.

II. BASIC ASSUMPTIONS AND METHODS

The same interaction kernel appearing in the Wick-
rotated Schwinger-Dyson equation for quark self-energy
and Bethe-Salpeter equation for quark-antiquark pair is
assumed to be of the form

I,.g I,. U, , t'=S, P, V, A, T,L,
where U; are Lorentz-invariant functions of momenta in-
volved, q is the momentum transfer of the quark, I", are
16 Hermitian Dirac matrices for i WL, and

I I =y q/+q
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FIG. 1. P 2 dependence of 1/�bc for JP = 0� state. The
black circles correspond to the ground state, and red dia-
monds correspond to the first radial excited state. The open
circles and diamonds correspond to the varying of the pa-
rameters in Table.??. The virtical dot-dashed is the contour
border on the right of which the direct calculation can be
applied. The blue stars present our extrapolated first radial
excited state.

and vector meson (1�) are defined by

ffg
0�(P

2)Pµ = Z2Nc tr

Z ⇤

dk
�5�µ�

fg
0�(k;P ), (10)

ffg
1�(P

2)
p
�P 2 =

Z2Nc

3
tr

Z ⇤

dk
�µ�

fg
1�,µ(k;P ), (11)

with tr the trace of the Dirac index. ffg(P 2) is generally
fitted by

ffg(P 2) =
f0 +

P1
n=1 cn(P 2 + s)n

1 +
P1

n=1 dn(P 2 + s)n
, (12)

where f0, cn and dn are parameters, and s = M2 is
the square of the mass. The physical decay constant is
ffg(�M2) = f0.

4. Results— The series Eq.(??) converges very fast, a
good fitting is obtained for n = 1. An illustration of
the mass extrapolation is given by Fig. ??, which is the
case of B+

c . The black circles show the 1/�bc(P 2) of
the ground state B+

c (1S). The mass, MB+
c (1S), lies in

the parabolic region defined by the singularities of the
quark propagator, so it is obtained directly. The red
diamonds show the 1/�bc(P 2) of the first radial excited
state B+

c (2S). MB+
c (2S) lies outside the parabolic region,

and its value is extrapolated and presented by the blue
stars. The open circles and diamonds correspond to the
varying of the parameters in Table ??, which is the main
uncertainty of our results. The other excited states of
interest are analysis by the similar method.

The masses of the first radial excited state of the
charm-beauty system are listed in Table ??. The average

TABLE II. Masses of the first radial excited states of charm-
beauty system (in GeV). The experimental data for M⌘c(2S),
M (2S), M⌘b(2S) andM⌥ (2S) are taken from Ref.[? ], MB+

c (2S)

and MB+
c (2S) �M rec

B⇤+
c (2S)

from Ref.[? ]. The mass splitting,

MB⇤+
c (1S)�MB+

c (1S), is quoted from Ref.[? ]. The uncertain-
ties of our results correspond to the varying of the parameters
in Table ??.

M⌘c(2S) M (2S) M (2S) �M⌘c(2S)

here 3.606(18) 3.645(18) 0.039

expt. 3.638(1) 3.686(1) 0.048

MB+
c (2S) MB⇤+

c (2S) MB+
c (2S) �M rec

B⇤+
c (2S)

here 6.813(16) 6.841(18) 0.039

expt. 6.872(2) – 0.031

M⌘b(2S) M⌥ (2S) M⌥ (2S) �M⌘b(2S)

here 9.915(15) 9.941(15) 0.026

expt. 9.999(4) 10.023(1) 0.024

of the results with the three sets of parameters is quoted
as final result and the uncertainties are set from the dif-
ference between the average and the largest and smallest
value respectively. The excited meson masses increase
with the value of parameter ! showing more sensitive
than the ground state as being pointed out by others (see,
e.g., Ref. [? ]). The relative errors of our results to the
experimental date are within 1%. What’s more, the mass
di↵erences of the vector meson and pseudoscalar meson,
M (2S)�M⌘c(2S) and M⌥ (2S)�M⌘b(2S), are comparable
with the experimental value. The reconstructed masses
are defined by

M rec
B⇤+

c (2S)
= MB⇤+

c (2S) � (MB⇤+
c (1S) �MB+

c (1S)). (13)

The mass splitting, MB+
c (2S) � M rec

B⇤+
c (2S)

, is consistent

with the recent measurement [? ]. There is no exper-
imental measurements of MB+⇤

c (1S) and MB+⇤
c (2S) hith-

erto, our predication waits for the future experimental
verification.

To first order in the violation of unitary symmetry, the
masses obey the equal spacing rule [? ? ]:

(M⌘c(2S) +M⌘b(2S))/2 = MB+
c (2S), (14)

(M (2S) +M⌥ (2S))/2 = MB⇤+
c (2S). (15)

Our results show that the two sides of Eq.(??) and
Eq.(??) di↵er by only 0.05 GeV which is also consistent
to the proposal of the mass inequality in Ref. [? ].

The series Eq. (??) for the leptonic decay constants
also converges very fast, a good fitting is obtained also
for n = 1. An illustration of the extrapolation of the
decay constants is given in Fig. ??, which is the case of
B+

c . The physical value is extrapolated and presented by
the blue stars. Our predication of the decay constants
of the first radial excited beauty charmed mesons are
listed in Table ??. We estimate the uncertainty by the
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TABLE IV: The masses (in MeV) of the first radial excited
states of the charm-bottom system with JP = 0− (cited from
Ref. [35]). The experiment data for Mηc(2S) and Mηb(2S)

are taken from Ref. [37], and that for MB+
c (2S) is taken from

Ref. [3].

state ηc(2S) B+
c (2S) ηb(2S)

RL 3606 6813 9915

expt. 3638 6872 9999

∆MRL -32 -59 -84

TABLE V: Masses of the Bc Mesons (in MeV). MRL
cb̄ is the

direct RL result. ∆MRL
cb̄ is the error of the RL approximation

defined by Eq.(10). M̄RL
cb̄ is the modified mass, defined by

Eq.(11).

JP 0− 1− 0+ 1+1 1+2 2+

MRL
cb̄

Para-1 6293 6360 6608 6642 6677 6721

Para-2 6290 6357 6612 6649 6686 6731

Para-3 6287 6354 6612 6651 6688 6733

∆MRL
cb̄

Para-1 0 15 -97 -108 -108 -75

Para-2 0 14 -91 -96 -96 -62

Para-3 0 13 -89 -89 -89 -57

M̄RL
cb̄

Para-1 6293 6345 6705 6750 6785 6796

Para-2 6290 6343 6703 6745 6782 6793

Para-3 6287 6341 6701 6740 6777 6790

approximation are listed in Tab. V. The modified mass
is defined by

M̄RL
cb̄ = MRL

cb̄ −∆MRL
cb̄ . (11)

With the errors from the RL approximation subduced,
M̄RL

cb̄
are our prediction for the Bc mesons. There are

two kinds of other errors for all the Bc mesons, which are
estimated as following. MRL

cc̄,0−+ and MRL
bb̄,0−+ are used to

fit the parameters, so the error of MRL
cb̄,0−

is totally due

to the interaction pattern, Eq.(5) ∼ Eq.(7). The error
due to this interaction pattern, the first error, is about
15 MeV. The results vary by a few MeVs as the param-
eters change, which is the second error. These errors due
to the varying of the paramters are much smaller than
those of the charmonium and the bottomonium. The
uncertainties of the parameters cancel by using Eq.(10),
i.e., inferring the errors of the Bc mesons as the inter-
midiate of the charmonium and the bottomonium. For
the JP = 1+ Bc mesons, there is a third error due to the
C−parity average in Eq.(10), which is about 8 MeV.
Our predictions of the Bc mesons and the estimated er-

rors are listed in the second column of Tab.VI. Hitherto
the only experiment data for the Bc spectrum is the pseu-
doscalar meson mass, as the production rate of the Bc

mesons is much lower than those of the charmonium and
the bottomonium. Our results are consistent with the
recent lQCD predictions (with JP = 0−, 1−, 0+, 1+),
which are listed in the forth column. Our results are

TABLE VI: Masses of the Bc Mesons (in MeV). M̄RL
cb̄ is our

prediction. The first error is due to the interaction pattern
Eq.(5) ∼ Eq.(7). The second error is due to the varying of the
parameters. For JP = 1+ mesons, the third error is due to the
C−parity average in Eq.(10). MQM

cb̄
is the quark model result

[13], and the underlined ones are the input values. MLQCD
cb̄

is the lQCD prediction [18]. Mexpt.
cb̄

is the experiment value
[37].

JP M̄RL
cb̄ MQM

cb̄
MLQCD

cb̄
Mexpt.

cb̄

0− 6290(15)(3) 6271 6276(7) 6275(1)

1− 6343(15)(2) 6326 6331(7) –

0+ 6703(15)(2) 6714 6712(19) –

1+1 6745(15)(5)(8) 6757 6736(18) –

1+2 6781(15)(4)(8) 6776 – –

2+ 6793(15)(3) 6787 – –

also consistent with the quark model predictions. The
quark model predictions from Ref. [13] are listed in
the third column, where the masses with JP = 0−, 1−

are the input values and others are the outputs. The
mass splitting of the 1S state of our result is MBc(1−) −
MBc(0−) = 53 MeV, consistent with the lQCD result
55 MeV. The mass splittings of the 1P states of our re-
sults are (MBc(1

+
1 )+MBc(1

+
2 ))/2−MBc(0+) = 60 MeV and

MBc(2+)−MBc(0+) = 90 MeV, while the quark model re-
sults are 53 MeV and 73 MeV respectively. Our results
of the Bc meson masses also have two-sided meanings.
On one hand, we predict the masses of the Bc mesons
(with JP = 0−, 1−, 0+, 1+, 2+), providing a significant
guide to the experimental search for the Bc mesons. On
the other hand, the consistency of our results with other
predictions supports that the flavor dependent interac-
tion pattern, Eq.(5) ∼ Eq.(7), is reasonable. This pattern
leads an error about 15 MeV for the Bc mesons.

IV. SUMMARY

In this paper, we predict the masses of the Bc mesons
with JP = 0−, 1−, 0+, 1+, 2+ using a flavor dependent
interaction pattern via the Dyson-Schwinger equation
and Bethe-Salpeter equation approach. This interaction
pattern, composed of a flavor dependent infrared part
and a flavor independent ultraviolet part, gives an uni-
fied successful description of the pseudoscalar and vector
light, heavy-light and heavy mesons. This interaction
pattern could also be applied to the radial excited heavy
mesons. Herein we control the errors carefully. Besides
the error from the RL approximation, two other kinds of
errors are considered. One is the error from the interac-
tion pattern, the other is the error from the varying of
the parameters. For the JP = 1+ Bc mesons, a third
error due to the C−parity average is also considered.
With the errors from the RL approximation subduced,
our predictions are consistent with the lQCD and quark
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FIG. 2. P 2 dependence of f bc for the first radial excited
JP = 0� state. The open diamonds correspond to the varying
of the parameters in Table.I. The virtical dot-dashed is the
contour border on the right of which the direct calculation can
be applied. The blue stars present our extrapolated value.

in Table IV. We estimate the uncertainty by the similar
method as the mass extrapolation.

TABLE III. Our predications of the decay constants of the
first radial excited beauty charmed mesons (in GeV). The
uncertainties correspond to the varying of the parameters in
Table I.

f⌘c(2S) f (2S) fB+
c (2S) fB⇤+

c (2S) f⌘b(2S) f⌥ (2S)

-0.097(2) -0.119(6) -0.165(10) -0.161(7) -0.310(5) -0.320(6)

196.9 182.0 251.4 252.0 366.8 367.3

TABLE IV. Our predications of the decay constants of the
first radial excited beauty charmed mesons (in GeV). The
uncertainties correspond to the varying of the parameters in
Table I.

f⌘c(1S) f (1S) fB+
c (1S) fB⇤+

c (1S) f⌘b(1S) f⌥ (1S)

278(0) 304(1) 312(1) 305(5) 472(0) 442(3)

247.7 230.4 306.1 307.3 456.8 457.7

278(2) 289(4) 307(10) 298(9) 472(5) 459(22)

There is some suppressions for the absolute value of
decay constant of excited state comparing to ground state
case which agrees with the previous findings [10, 31–33]
and the di↵erence between the excited and ground states
decreases with the increasing of the meson mass.

5. Conclusion— Very recently, CMS and LHCb reported
the observation of two excited Bc states with high preci-
sion [1, 2]. Although they are the normal states within
the quark model language, the authors claim that the
precision measurements open up an opportunity for the
study of hadron physics based on the ab initio theory
of strong interactions. In this work, making use of a

scattering kernel expressing the flavor dependent quark-
gluon interaction properly which describes the ground
pseudoscalar and vector mesons successfully, we produce
for the first time the masses and the leptonic decay con-
stants of the first radial excited beauty charmed mesons,
B+

c (2S) and B⇤+
c (2S), in a continuum QCD directly. The

obtained masses are consistent with the recent observa-
tions of CMS and LHCb collaborations and the mass
splitting MB+

c (2S)�M rec
B⇤+

c (2S)
is comparable with the ex-

perimental result. The obtained masses of the beauty-
charm system also satisfy the equal spacing rule relation
approximately. Furthermore the predicted leptonic de-
cay constants may shed light on the future experimental
detection.
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FIG. 2. P 2 dependence of f bc for the first radial excited
JP = 0� state. The open diamonds correspond to the varying
of the parameters in Table.I. The virtical dot-dashed is the
contour border on the right of which the direct calculation can
be applied. The blue stars present our extrapolated value.

in Table IV. We estimate the uncertainty by the similar
method as the mass extrapolation.

TABLE III. Our predications of the decay constants of the
first radial excited beauty charmed mesons (in GeV). The
uncertainties correspond to the varying of the parameters in
Table I.

f⌘c(2S) f (2S) fB+
c (2S) fB⇤+

c (2S) f⌘b(2S) f⌥ (2S)

-0.097(2) -0.119(6) -0.165(10) -0.161(7) -0.310(5) -0.320(6)
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TABLE IV. Our predications of the decay constants of the
first radial excited beauty charmed mesons (in GeV). The
uncertainties correspond to the varying of the parameters in
Table I.

f⌘c(1S) f (1S) fB+
c (1S) fB⇤+

c (1S) f⌘b(1S) f⌥ (1S)

278(0) 304(1) 312(1) 305(5) 472(0) 442(3)

247.7 230.4 306.1 307.3 456.8 457.7

278(2) 289(4) 307(10) 298(9) 472(5) 459(22)

There is some suppressions for the absolute value of
decay constant of excited state comparing to ground state
case which agrees with the previous findings [10, 31–33]
and the di↵erence between the excited and ground states
decreases with the increasing of the meson mass.

5. Conclusion— Very recently, CMS and LHCb reported
the observation of two excited Bc states with high preci-
sion [1, 2]. Although they are the normal states within
the quark model language, the authors claim that the
precision measurements open up an opportunity for the
study of hadron physics based on the ab initio theory
of strong interactions. In this work, making use of a

scattering kernel expressing the flavor dependent quark-
gluon interaction properly which describes the ground
pseudoscalar and vector mesons successfully, we produce
for the first time the masses and the leptonic decay con-
stants of the first radial excited beauty charmed mesons,
B+

c (2S) and B⇤+
c (2S), in a continuum QCD directly. The

obtained masses are consistent with the recent observa-
tions of CMS and LHCb collaborations and the mass
splitting MB+

c (2S)�M rec
B⇤+

c (2S)
is comparable with the ex-

perimental result. The obtained masses of the beauty-
charm system also satisfy the equal spacing rule relation
approximately. Furthermore the predicted leptonic de-
cay constants may shed light on the future experimental
detection.
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FIG. 2. P 2 dependence of f bc for the first radial excited
JP = 0� state. The open diamonds correspond to the varying
of the parameters in Table.I. The virtical dot-dashed is the
contour border on the right of which the direct calculation can
be applied. The blue stars present our extrapolated value.

TABLE III. Our predications of the decay constants of the
first radial excited beauty charmed mesons (in GeV). The
uncertainties correspond to the varying of the parameters in
Table I.

f⌘c(2S) f (2S) fB+
c (2S) fB⇤+

c (2S) f⌘b(2S) f⌥ (2S)

-0.097(2) -0.119(6) -0.165(10) -0.161(7) -0.310(5) -0.320(6)

similar method as the mass extrapolation. There is some
suppressions for the absolute value of decay constant of
excited state comparing to ground state case which agrees
with the previous findings [10, 31–33] and the di↵erence
between the excited and ground states decreases with the
increasing of the meson mass.

5. Conclusion— Very recently, CMS and LHCb reported
the observation of two excited Bc states with high preci-
sion [1, 2]. Although they are the normal states within
the quark model language, the authors claim that the
precision measurements open up an opportunity for the
study of hadron physics based on the ab initio theory
of strong interactions. In this work, making use of a
scattering kernel expressing the flavor dependent quark-
gluon interaction properly which describes the ground
pseudoscalar and vector mesons successfully, we produce
for the first time the masses and the leptonic decay con-
stants of the first radial excited beauty charmed mesons,
B+

c (2S) and B⇤+
c (2S), in a continuum QCD directly. The

obtained masses are consistent with the recent observa-
tions of CMS and LHCb collaborations and the mass
splitting MB+

c (2S)�M rec
B⇤+

c (2S)
is comparable with the ex-

perimental result. The obtained masses of the beauty-
charm system also satisfy the equal spacing rule relation
approximately. Furthermore the predicted leptonic de-
cay constants may shed light on the future experimental
detection.
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FIG. 1. P 2 dependence of 1/�bc for JP = 0� state. The
black circles correspond to the ground state, and red dia-
monds correspond to the first radial excited state. The open
circles and diamonds correspond to the varying of the param-
eters in Table.I. The virtical dot-dashed is the contour border
on the right of which the direct calculation can be applied.
The blue stars present our extrapolated first radial excited
state.

and vector meson (1�) are defined by

ffg
0�(P

2)Pµ = Z2Nc tr

Z ⇤

dk
�5�µ�

fg
0�(k;P ), (10)

ffg
1�(P

2)
p
�P 2 =

Z2Nc

3
tr

Z ⇤

dk
�µ�

fg
1�,µ(k;P ), (11)

with tr the trace of the Dirac index. ffg(P 2) is generally
fitted by

ffg(P 2) =
f0 +

P1
n=1 cn(P 2 + s)n

1 +
P1

n=1 dn(P 2 + s)n
, (12)

where f0, cn and dn are parameters, and s = M2 is
the square of the mass. The physical decay constant is
ffg(�M2) = f0.

4. Results— The series Eq.(9) converges very fast, a
good fitting is obtained for n = 1. An illustration of the
mass extrapolation is given by Fig. 1, which is the case of
B+

c . The black circles show the 1/�bc(P 2) of the ground
state B+

c (1S). The mass, MB+
c (1S), lies in the parabolic

region defined by the singularities of the quark propaga-
tor, so it is obtained directly. The red diamonds show
the 1/�bc(P 2) of the first radial excited state B+

c (2S).
MB+

c (2S) lies outside the parabolic region, and its value
is extrapolated and presented by the blue stars. The
open circles and diamonds correspond to the varying of
the parameters in Table I, which is the main uncertainty
of our results. The other excited states of interest are
analysis by the similar method.

The masses of the first radial excited state of the
charm-beauty system are listed in Table II. The average

TABLE II. Masses of the first radial excited states of charm-
beauty system (in GeV). The experimental data for M⌘c(2S),
M (2S), M⌘b(2S) andM⌥ (2S) are taken from Ref.[24], MB+

c (2S)

and MB+
c (2S) � M rec

B⇤+
c (2S)

from Ref.[2]. The mass splitting,

MB⇤+
c (1S)�MB+

c (1S), is quoted from Ref.[21]. The uncertain-
ties of our results correspond to the varying of the parameters
in Table I.

M⌘c(2S) M (2S) M (2S) �M⌘c(2S)

here 3.606(18) 3.645(18) 0.039

expt. 3.638(1) 3.686(1) 0.048

MB+
c (2S) MB⇤+

c (2S) MB+
c (2S) �M rec

B⇤+
c (2S)

here 6.813(16) 6.841(18) 0.039

expt. 6.872(2) – 0.031

M⌘b(2S) M⌥ (2S) M⌥ (2S) �M⌘b(2S)

here 9.915(15) 9.941(15) 0.026

expt. 9.999(4) 10.023(1) 0.024

of the results with the three sets of parameters is quoted
as final result and the uncertainties are set from the dif-
ference between the average and the largest and smallest
value respectively. The excited meson masses increase
with the value of parameter ! showing more sensitive
than the ground state as being pointed out by others (see,
e.g., Ref. [27]). The relative errors of our results to the
experimental date are within 1%. What’s more, the mass
di↵erences of the vector meson and pseudoscalar meson,
M (2S)�M⌘c(2S) and M⌥ (2S)�M⌘b(2S), are comparable
with the experimental value. The reconstructed masses
are defined by

M rec
B⇤+

c (2S)
= MB⇤+

c (2S) � (MB⇤+
c (1S) �MB+

c (1S)). (13)

The mass splitting, MB+
c (2S) � M rec

B⇤+
c (2S)

, is consistent

with the recent measurement [2]. There is no experimen-
tal measurements of MB+⇤

c (1S) and MB+⇤
c (2S) hitherto,

our predication waits for the future experimental verifi-
cation.

To first order in the violation of unitary symmetry, the
masses obey the equal spacing rule [28, 29]:

(M⌘c(2S) +M⌘b(2S))/2 = MB+
c (2S), (14)

(M (2S) +M⌥ (2S))/2 = MB⇤+
c (2S). (15)

Our results show that the two sides of Eq.(14) and
Eq.(15) di↵er by only 0.05 GeV which is also consistent
to the proposal of the mass inequality in Ref. [30].

The series Eq. (12) for the leptonic decay constants
also converges very fast, a good fitting is obtained also
for n = 1. An illustration of the extrapolation of the
decay constants is given in Fig. 2, which is the case of
B+

c . The physical value is extrapolated and presented by
the blue stars. Our predication of the decay constants of
the first radial excited beauty charmed mesons are listed

5

where ↵em = 1/137, ec = 2/3, eb = �1/3. �expt.
V!e+e� =

2.34 ± 0.04 keV for V =  (2S) and 0.612 ± 0.011 keV
for V = ⌥ (2S) [26]. Comparing with f expt.

 (2S) =

�0.208(2)GeV and f expt.
⌥ (2S) = �0.352(2)GeV, one can

know that the RL truncation underestimates the decay
constants about 42% for  (2S) and 12% for ⌥ (2S). Be-
cause the interaction Eq. (3)-Eq. (4) takes into the flavor
dependence, we expect the higher order corrections de-
crease smoothly as the meson mass increases. fB⇤+

c (2S) is

underestimated roughly by (42%+12%)/2 = 27%, while
the higher order corrections to fB+

c (2S) is expected to be
smaller than fB⇤+

c (2S).

5. Conclusion— Very recently, CMS and LHCb reported
the observation of two excited Bc states with high preci-
sion [1, 2]. Although they are the normal states within
the quark model regime, they are claimed that the pre-
cision measurements open up an opportunity for the
study of hadron physics based on the ab initio the-
ory of strong interactions. In this work, making use
of a scattering kernel expressing the flavor dependent
quark-quark interaction and developing an extrapolation
method, we produce for the first time the masses and the
leptonic decay constants of the first radial excited charm-
beauty mesons, B+

c (2S) and B⇤+
c (2S), in the Dyson–

Schwinger equation approach of QCD directly. The ob-
tained masses agree with the recent observations of CMS
and LHCb collaborations excellently and the mass split-
ting MB+

c (2S) � M rec
B⇤+

c (2S)
is consistent with the exper-

imental result very well. The obtained masses of the
charm-beauty system also satisfy the equal spacing rule
relation approximately. Furthermore our predicted lep-
tonic decay constants are also quite reasonable and may
shed light on the future experimental detection.
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注意RL误差(S-level,	P-level) 
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