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Mechanism 
• There exists correlation proportional to

• To generate such term in Feynman diagram, 
need

• Projector for polarized proton
• Projector for produced hadron
• But need strong phase to make cross section 
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Where is phase?
• Phase comes from on-shell internal particles

• Need time-like final states with FSI
• No phase at LO and one loop

final-state cut
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Phase at two loops
• Need two final-state particles with one gluon 

exchange (FSI) between them
• Nonvanishing phase appears at two loops, and 

comes from box diagram
time-like final state

on-shell internal
particles give
strong phase

final-state interaction Brodsky, Hwang,
Schmidt 2002



Kinematics for phase
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Collinear to initial state
• Picking up plus signs, ie., (l1=+,l2=+), gluons 

collimate to polarized proton

• Phase goes into Sivers function
• FSI gluon is soft
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Sivers function
• Eikonalize outgoing quark and                                  

insert Fierz identity
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Parton transverse momentum

• Sivers function demands inclusion of parton 
transverse momentum

• This correlation determines preferred                                   
direction of      for polarized proton , which 
then propagates into  



  TSmp  5

   
 TTTT kSikStr 

 5

compensated by phase here

hp
Tk

TTl 2,1



Spin-transverse-momentum correlation

produced hadron tends to move to right



Collinear to final state
• Picking up minus signs, ie., (-,-), gluons 

collimate to produced hadron

highly off-shell

• Phase goes into Collins fragmentation function
Collins 1993
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Collins function
• Eikonalize incoming quark and                                  

insert Fierz identity
• dominates
• Collins function demands 

inclusion of parton
• LO hard kernel demands                                       

projector for initial state

• Transversity distribution defined
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Mechanism 
• Transversity distribution for polarized proton 

determines preferred direction of quark spin
• This polarized quark scattered into final state
• Collins function then determines direction of 

polarized quark (produced hadron) preferred 
by correlation

• Without preferred                                     
direction of quark spin                                            
from initial state, Collins                                         
function cannot work



Factorization of transverse gluon
• As soft gluon carries transverse polarization, 

outgoing quark line cannot be eikonalized
• Collinear divergence in (+,+) combination goes 

into three-parton TMD, whose collinear 
version is Efremov-Teryaev-Qiu-Sterman (ETQS) 
function

• Similar construction for                                      
three-parton fragmentation                                    
functions                                     
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Efremov, Teryaev 1982; Qiu, Sterman, 1991

Kang, Yuan, Zhou, 2010



Twist-2 TMDs

in the case of FFs,
it is Collins function

Boer, Mulders 1997
Goeke, Meta, Schlegel 2005
Bacchetta et al., 2007

transversity
function

Sivers function



Phase in hard kernel
• For other sign combinations, or arbitrary 

transverse momenta
• phase appears in hard kernel

• How to extract this phase?
• Use
• A new contribution to SSA 
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2-parton twist-3 TMDs

Boer, Mulders 1997
Goeke, Meta, and Schlegel 2005
Bacchetta et al., 2007



Factorization of new contribution

• Unpolarized twist-2                                    
fragmentation function

• Polarized quark scattered into                          
direction preferred by                                    
correlation

• 2-parton twist-3 TMD                                          
defined for polarized proton
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Lesson learned
• Sivers, ETQS, Collins functions all have same 

origin, resulting from different  factorization
• Their contributions start from LO hard kernel
• If allowed to go to higher orders of hard kernel, 

other projectors can be used
• Though higher orders, data with Q ~ few GeV 

(such as COMPASS), hard kernel effect may be 
sizable

• Hard kernel is process-dependent
• Rich phenomenology!



At 3 loops
• At 3 loops, we can have 2-loop                                 

TMD for polarized proton and                                 
1-loop hard kernel

• In addition to Sivers function,                                   
can use       to extract phase in                                     
initial state in this case

• 2-parton twist-3 TMD                                          
defined

• Another new contribution
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2-parton twist-3 TMDs



Up to twist-3 NNLO
• Up to 2-parton twist-3 in TMD and FF, 2-loop 

in hard kernel, SSA is given by

• Similar discussion on jet production by Song, 
Gao, Liang, Wang, 2011, 2014



gT contribution
• Have given comprehensive picture for all 

known SSA sources 
• Only gT term survives in collinear limit (with 

kT integrated out)
• Calculation is similar to Ma and Sang’s quark 

target model at two loops; they focused on IR 
cancellation for known sources.

• Why did they not notice this contribution?
• Because gT contribution IR finite at this order?

Ma, Sang, 2009

Ji, 1993



QED Gauge invariance (GI)
• Three-parton contribution is not QED gauge 

invariant: no complete photon contractions
• Need two-parton reducible diagram

• Boer, Qiu (2001) used special propagator to 
include it, but did not notice it is gT

• Jaffe, Ji (1992) noticed it, but proved GI at LO



QED and QCD GI
• We proved QED and QCD gauge invariance for 

combination of gT and three-parton
contributions to all orders (see 1909.10864)

• For QCD, three partons do not contain 
complete contractions of valence gluon, so 
not gauge invariant by themselves 



Summary and outlook
• There are many sources to SSA
• Have derived complete 2-parton twist-3 

contributions to SSA up to 2 loop hard kernel
• Only gT survives in collinear factorization, 

needed for QED and QCD gauge invariance of 
3-parton contributions

• Rich phenomenology is expected, eg., impact 
on extraction of Sivers, Collins functions?

• Will study subleading contributions to 
understand all data and identify origin of SSA



Back-up slides



Sign change of Sivers function



Sign-mismatch problem 
• No sign flip seen in

• Now there are other twist-3 contributions…

expectation 
from SIDIS data
(HERMES, COMPASS)
under sign flip

result extracted
from data (E704, 
STAR, PHENIX, 
BRAHMS) 

correlation
function for
polarized 
proton, 
assumed
to dominate

Kang, Qiu, Vogelsang, 
Yuan 2011





Origin of SSA?
• Large twist-3 fragmentation function? 

Kanazawa, Koike, Metz, Pitonyak, 2014 

• kT factorization does not apply to Drell-Yan
• Twist-3 FF implies                        in pA collision? 

Hatta, Xiao, Yoshidac, Yuan 2016
STAR, DIS 2016 showed 



Need to study complete subleading
contributions to understand all data 

and identify origin of SSA!



Twist-2 TMDs

kT can be 
integrated
out in transverse
distribution



Twist-3 TMDs


